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Week 1

Systems, energy and the first law

Where we are in the course

state variables | — thermodynamic potential — equilibrium — driving force

— flux or rate — microstructural change

These opening lectures establish the first box: how a material state is described and how its
energy changes when heat, work or matter crosses the boundary.

1.1 Thermodynamics of materials

Thermodynamics relates heat and work to measurable properties of materials. Equilibrium ther-
modynamics is rate independent: it identifies possible equilibrium states and the changes between
them without specifying how rapidly those changes occur. Later, kinetics will supply the rates.

The laws introduce three central ideas:
1. energy is conserved;
2. entropy supplies a direction for spontaneous change;

3. the entropy of a perfect crystal approaches zero as the temperature approaches absolute zero.

1.2 Energy from macroscopic and microscopic viewpoints

Energy is the capacity of a physical system to produce change or perform work. Macroscopically we
distinguish kinetic, potential and internal energy. The internal energy U collects the microscopic
kinetic energies and interactions of the particles constituting the material.

For a monatomic ideal gas, translational motion has three quadratic degrees of freedom. Equipar-

tition assigns an average energy %kBT to each quadratic term, giving

7= ngT, Uy (T) = Uy (0) + gRT. (1.1)

Condensed phases additionally contain substantial interaction energy. Their description therefore
cannot generally be reduced to independent particles.
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Internal energy is extensive. If two noninteracting systems are combined,
u=u®+u®. (1.2)

The molar internal energy U,, = U /n and specific internal energy u = U /m are intensive.

1.3 State functions and path functions

A state is specified by a sufficient set of thermodynamic properties suchas U, V, T, p and the com-
ponent amounts N;. A state function depends only on the state. Thus

f
AU = Uf - U; = / au (1.3)

is independent of the path. Heat and work describe transfers along a path and are written 64 and
ow.

For z(x, y) = xy,
dz =ydx +xdy (1.4)

is exact. By contrast, a form such as 0w = y dx generally gives different integrals along different
paths with the same endpoints.

A dadlesentia L symbo accssies phvysias: dU s o stocte
awaenge; 6g ccnd dw ase bransfesns.

1.4 System, surroundings and boundary

The system is the portion of the universe selected for study. The surroundings are everything out-
side it that can interact with it. A boundary separates them.

4 A
q
—_—
SYSTEM
E——
_ w
N;
\ J
The boundary is part of the model.
Open Closed Isolated
Energy transfer allowed allowed forbidden
Matter transfer  allowed forbidden forbidden
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Wall properties should be stated independently. An adiabatic wall forbids heat transfer; a diather-
mal wall permits it. An impermeable wall forbids matter transfer. A rigid wall forbids boundary
displacement.

1.5 The first law for a closed system

Using the convention that heat supplied to the system and work done on the system are positive,

\ dU = 64 + dw. (1.5)

For pressure-volume work,
oW = —pext dV, dU = 6q = Pext AV. (1.6)

Expansion has dV > 0, so the surroundings do negative work on the system. In a reversible, qua-
sistatic change, pex; differs only infinitesimally from the system pressure.

1.5.1 Work depends on the path

The pressure-volume work is the signed area under the path in a p-V diagram:

Vs
w = —/ Pext AV (1.7)
Vi
Therefore:

isochoric: w =0, (1.8)
isobaric: w = —pext(Vy = Vi), (1.9

\%
reversible isothermal ideal gas: w = —nRT ln(%) . (1.10)

1

For a polytropic path pV" = K, the same integral is evaluated using p = KV~

1.5.2 Free expansion

When an ideal gas expands into vacuum, pext = 0 and hence w = 0. If the enclosure is adiabatic,
g = 0,s0 AU = 0. The process is irreversible even though the initial and final states are equilibrium
states.

A useful distinction

Quasistatic describes a path through states arbitrarily close to equilibrium. Reversible addi-
tionally requires that both system and surroundings can be restored without a net change.
Free expansion satisfies neither condition.

1.5.3 When does a process have a path on a p-V diagram?

A point on a thermodynamic diagram represents an equilibrium state. During a reversible process
the system passes through a continuous succession of states arbitrarily close to equilibrium. Its
pressure is defined at every stage, so the process can be drawn as a path and the area under that
path gives the reversible pressure-volume work.

3
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During a finite, irreversible change the system need not have one uniform pressure or tempera-
ture. The initial and final equilibrium states may be plotted, and the externally imposed pressure
may be known, but joining the endpoints by an ordinary equilibrium curve would falsely assign
equilibrium states to the interior of the process.

P i reversible p l.irreversible

[
\
\
\

AN
no sequence of
equilibrium states

f NS
[ ]
every point is an only the equilibrium 1%
equilibrium state endpoints are fixed
the path and the dashed arrow is a
- f p dV are defined change, not a p(V) path

1.5.4 Equilibrium and spontaneous change: ice and water

At 1atm and 0°C, ice and liquid water can coexist at equilibrium. Their temperatures, pressures
and chemical potentials are equal, so there is no net thermodynamic driving force for one phase to
consume the other. Molecules may still cross the interface in both directions; equilibrium means
that the macroscopic rates balance.

At 1atm and 10 °C, a mixture containing ice and water is not an equilibrium state. Liquid water is
the stable phase, the chemical potentials are unequal, and the ice melts spontaneously. That finite
change produces entropy and is irreversible. After all the ice has melted and the temperature has
become uniform, the system reaches a new equilibrium state.

This state—process distinction and the ice-water example follow the equilibrium-first presentation
in Long-Qing Chen’s Thermodynamic Equilibrium and Stability of Materials.

0°C, 1latm 10°C, 1 atm
ice = water ice — water
Hice = Hwater Uice > Hwater
no net transformation spontaneous melting
two-phase equilibrium non-equilibrium, irreversible process

State versus process

Equilibrium describes a state. Reversible and irreversible describe processes. An irreversible
process can connect two equilibrium states even though the intervening system states cannot
be represented by a single equilibrium path.

1.6 Other forms of work

Pressure-volume work is one member of a broader conjugate-pair structure:

sw =" X;dy;, (1.11)
j

4
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where X; is a generalized force and Y; its generalized displacement. Surface work, for example,
contains y dA, with surface tension y conjugate to area A.

1.7 Open systems and flow work

An open system is analysed as a fixed or moving control volume. Mass can cross its control surface.
Before writing the balance, distinguish the volume and velocity symbols:

Symbol ~ Name and units Meaning
3

Vv total volume, m extensive volume occupied by the chosen sys-
tem or control volume

v=V/m  specific volume, m?kg™! volume per unit mass; equivalently v = 1/p
V=dv /dt  volumetric flow rate, m3s™!  volume crossing a section per unit time; for a
uniform stream, V = Au,
local flow-velocity vector; its kinetic energy

per unit mass is u|?/2

u velocity, ms™!

Thus V, v and V are different physical quantities. The overdot means a time rate, not “a larger
volume.” For a stream of density p,

.V
m=pV = P (1.12)
Each flowing stream transports internal energy uiy, kinetic energy |u|?/2 and potential energy gz

per unit mass. It also requires pressure work pv to push the stream across the boundary. Combining
Uint + pv = h prevents that flow work from being counted separately.

Q>()l lWon>0

e A

rilill
CONTROL VOLUME
E.,=U+KE+PE

1out

\ J

Each mass stream carries h + |u|?/2 + gz; h = ujn; + po already includes flow work.

For a control volume, the energy balance has the structure

dEev _ o u , |ul? . |uf?
T_Q+W+;m(h+7+gz)—Zm(h+7+gZ , (1.13)

out

Here Q > 0 denotes heat entering the control volume and W = W,, > 0 denotes non-flow work
done on it, such as shaft or electrical work. For steady operation the accumulation term on the left
is zero. The inlet and outlet terms must still be retained unless their contributions cancel.
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Avoid double counting

Do not add pV flow work once more after using enthalpy in the stream terms. The po contri-
bution is already contained in / = ujy + pv. Here pV = porir for a uniform stream.

Measwaable: moacss {Low, tempenatiesne, presswne o

poes. Tavfewsed: the chvange of the comtnol-volueme
enenyy.

1.8 Week 1learning map

Five ideas to retain

Choose the boundary before writing the balance. Distinguish extensive from intensive prop-
erties. Distinguish state functions from path functions. Declare the work convention. Test
every result against a limiting case such as rigid volume, vacuum expansion or zero heat
transfer.

Commomn mrisaomaepbiom: zeno work does not mrean thot the
volume cacmwot avange; fnee exponwsion ehvanges vol-
wme whvile pexe = 0.



Week 2

Heat capacity, enthalpy and measurable
heat

The developing storyline

The first law supplied energy bookkeeping. We now connect that bookkeeping with calori-
metric measurements and choose a thermodynamic potential suited to constant pressure.

2.1 Heat capacity

Heat capacity measures the heat required for a specified temperature change under stated con-
straints. Because heat is path dependent, the constraint matters:

ou JH
CV = (E)V ’ Cp = (ﬁ)p . (21)

At constant volume, pressure-volume work vanishes and

Sqv = dU = Cy dT. (2.2)

For an ideal gas, molecular interactions are neglected and U = U(T). For a monatomic ideal gas,

equipartition gives Cy,, = 2R. Additional rotational and vibrational modes increase the heat ca-

pacity when those modes are thermally accessible.

2.2 Enthalpy

Define

e

dH = dU +pdV + V dp. (2.4)

Then

For a closed system doing only pressure-volume work,
dH = 6q +V dp. (2.5)

At constant pressure,

5q, = dH = C, dT (2.6)

7
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when there is no phase change or reaction contribution beyond that represented in H.

Co Lowrmoekny mreoswenes weot fLow. Vndesn avmstont
presswne, thewmodynomias identifies v with the emn-

thae Ly avacnge.

2.3 Condensed phases and the size of pAV

At constant pressure,
AH = AU + pAV. 2.7)

For melting ice near atmospheric pressure, the molar-volume change is small, making pAV negli-
gible compared with the latent heat. This is typical of many condensed-phase transformations, but
it should be checked rather than assumed.

Dimensional and magnitude check

pAV has units Pam3 = J. At 10° Pa, a molar-volume change of 107 m? mol™! contributes
only about 0.1 J mol L.

2.4 Reactions containing gases

For ideal gases, pV =n ¢RT. At fixed temperature,

AH = AU + RTAny, (2.8)

where Ang counts gaseous products minus gaseous reactants. Condensed reactants and products
are not included in Ang.

2.5 Temperature-dependent heat capacity

Heat capacity often varies with temperature. If

Cp(T)=a+bT +cT?, (2.9)
then .
H()-H(T) = / C,(T)dT. (2.10)
T

The same principle extends across phase changes by adding the appropriate latent enthalpy at each
transition.

At low temperature, a crystalline solid approximately follows the Debye law Cy o T3. At high
temperature, the lattice heat capacity approaches the Dulong-Petit limit 3R per mole of atoms.

2.6 Worked computational experiment

For any tabulated material:



Thermodynamics and Kinetics of Materials Saswata Bhattacharyya

—_

. select a valid C,(T) expression and its temperature interval;
integrate it numerically and analytically where possible;
add latent heats when a phase boundary is crossed;

plot H(T) — H(T:et);

AR T

check units and continuity at every interval boundary.

2.7 Bridge to the fundamental equation

Weeks 1-2 introduce U, H and heat capacities through energy accounting and measurable heat.
The next lectures combine the first and second laws:

AU =TdS—pdV + )" i dN;. (2.11)
i

This equation identifies conjugate variables and leads to thermodynamic potentials, Maxwell rela-
tions and equilibrium.

energy fundamental

balance u,H, CP’ Cyv — equation equilibrium

2.8 Week 2 learning map

Questions students should now answer

Why does constant-pressure calorimetry give an enthalpy change? When may pAV be ne-
glected? Why is An, restricted to gases? How does a microscopic degree of freedom affect
heat capacity? How is a tabulated C,(T) converted into an enthalpy change?

Qoo MM 18D N agpiioN . heat accporarty 15 ot o siwgol,e
wnaon stocined propesty  ALwoys stocte whethesr voluwmoe,
bieSsuiLe D ccnwothen vanioabLe 1o weld fized,



Week 3

Phase-equilibrium fundamentals:
constraints as a tool

How to use this chapter

Do not begin phase equilibrium by memorizing equalities. Draw the system, label every wall,
list what the wall permits to cross, write the conserved totals, and then maximize entropy.
The equilibrium conditions follow from the constraints.

3.1 System terminology across texts

The physical definition should be expressed through exchanges, because terminology differs among
authors.

System  Heat/entropy Volume work Matter Common Atkins-style meaning

Isolated no no no no exchange with surroundings
Closed possible possible no energy may cross; matter may not
Open possible possible yes  energy and matter may cross

Callen’s phrase closed composite system, as used in the source notes, means that the complete compos-
ite is closed to exterior exchanges. It therefore plays the role commonly called an isolated system in
Atkins-style terminology. Long-Qing Chen uses isolated, closed and open in the exchange-based
sense summarized above.

Newvesn imdesn the physias fnom the wosd ac Lowe. Shacte nhvethes
entnopy, voluume and eoaw speaies moacy anoss the extesion
bown d.osny.

3.2 A closed composite system

The exterior boundary isolates the complete composite. An internal wall divides it into two simple
subsystems. In a phase-equilibrium model these subsystems can represent phases « and f3.

10
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subsystem / phase « subsystem / phase f

ue,ve,Ne us, ve,NF

internal wall

\ J

exterior boundary: no exchange with surroundings

The totals are conserved:
u=u*+uf, Vv=vi+vf,  N;=N!+NF (3.1)

Removing an internal constraint enlarges the set of states accessible to the composite. The new
equilibrium state maximizes total entropy over that enlarged set.

3.3 Walls encode constraints

Wall property Exchange prevented Exchange allowed on removal Equilibrium
test
Adiabatic entropy /heat energy through diathermal wall T* = TP
Rigid or fixed volume volume through flexible/movable wall ~p* = pf
Impermeable toi component i N; through permeable wall pd = y?
constraint remove or allowed new entropy
— — —
present relax wall exchange maximum

Several constraints may be removed together. A movable diathermal wall gives both thermal and
mechanical equilibrium. If it is also permeable to every species, full thermal, mechanical and dif-
fusional equilibrium results.

3.4 Deriving the equilibrium conditions

For each subsystem,
1

dSzT

p i
dU + = dV - Z T dN;. (3.2)

Using conservation to eliminate the variations of phase f gives

_ (Lt a
dSier = (Ta Tﬁ) du (3.3)
p&  pb N T P‘? a

Every independently allowed variation has an independently vanishing coefficient at equilibrium.
Therefore

TS =TF, p*=pf, ui=p (3.5)
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Stot

energy redistribut:es
>

|
|
|
|
1

ua/u

entropy maximum after a diathermal constraint is removed

The figure is the geometric version of the variational calculation. Energy moves between the two
phases while total U remains fixed. At the maximum, the two entropy contributions have equal
slopes, which is precisely equality of reciprocal temperature.

3.5 Diffusional equilibrium in solids

If individual species may exchange independently, equality of each chemical potential is the direct
condition. In a substitutional solid with a fixed number of lattice sites, composition variations are
constrained by »’; x; = 1. Only C —1 composition variations are independent. Choosing component
K as a reference introduces diffusion potentials

Mix = Ui — UK, i # K. (3.6)
Diffusional equilibrium requires equality of the relevant diffusion potentials between phases:
- MP
My = M. (3.7)

This form is especially useful for constrained solids and phase-field descriptions. It does not say
that chemical potential is “a slope”; it identifies the independent potential differences associated
with constrained composition changes.

Chemical versus diffusional equilibrium

Use individual chemical potentials when component amounts can vary independently. Use
C - 1 diffusion potentials when a lattice-site or composition-sum constraint couples their
variations.

3.6 Equilibrium, process and non-equilibrium

An equilibrium state is a constrained entropy maximum and has no finite thermodynamic driving
force for an allowed internal change. A process is a change from one state to another. A reversible
process is an idealized sequence of equilibrium states driven by an infinitesimal force. A sponta-
neous or irreversible process starts away from equilibrium, has a finite driving force, and produces
entropy.

For an internal progress variable &,

dU =TdS-pdV + ) w;dN; - Ddg, (3.8)

12
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where D is the thermodynamic driving force in this sign convention. At equilibrium D = 0; during
a spontaneous change D d& > 0 and entropy is produced.

potential

initial non-equilibrium st

equilibrium

process coordinate &

Equilibrium thermodynamics determines the stable state and the available driving force. Non-
equilibrium thermodynamics relates forces to rates and entropy production. Kinetic laws deter-
mine how rapidly the system follows the path.

3.7 Reservoirs change the useful potential

A reservoir is much larger than the system and maintains an intensive variable while exchanging
an extensive quantity. A thermal reservoir fixes T; a pressure reservoir fixes p; a chemical reservoir
fixes an appropriate chemical potential. Embedding the system and reservoir in a larger isolated
composite converts entropy maximization into potential minimization:

T,V,N;fixed : F decreases,
T,p,N;fixed : G decreases, (3.9)
T,p,uifixed : the corresponding grand potential decreases.

ues,v,N;) -TS F(T,V,N;)
natural variables thermal reservoir

+le X+pV

H(S,p,N;) G(T,p,N;)
pressure reservoir 75 thermal + pressure

A Legendre transformation replaces an inconvenient controlled extensive variable
by the intensive variable fixed by its reservoir.

3.8 A reusable phase-equilibrium workflow

1. Draw the exterior boundary and internal walls.

2. Label each wall as adiabatic/diathermal, rigid /flexible and impermeable/permeable to each
species.

3. Identify the extensive quantities conserved for the complete composite.

4. Identify the variations released when a constraint is removed.

13
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5. Write the total entropy variation.
6. Set the coefficient of every independent allowed variation to zero.
7. Check stability using the second variation or curvature of the appropriate potential.

8. Only then select a constitutive or kinetic law for the non-equilibrium process.

3.9 Entropy, thermodynamic potentials and equilibrium

The course pathway

Weeks 1-2 established energy accounting and measurable heat. We now move from state
variables to thermodynamic potentials and equilibrium:

ues,Vv,N;)|— F,H,G — equilibrium conditions — driving forces.

3.10 Callen’s postulatory formulation

The postulatory or axiomatic formulation begins by specifying the class of systems and the equi-
librium states to which thermodynamics applies. A simple system is an idealized macroscopically
homogeneous body whose equilibrium state can be described by energy, volume and component
amounts, without additional variables for surfaces, elastic strain, electric polarization, magnetiza-
tion or other long-range fields. Those effects can be incorporated later by enlarging the state space.

The essential postulates used in these notes are:

1. Equilibrium states exist and are completely characterized by a set of extensive variables: en-
ergy, volume and component amounts.

2. There exists an entropy function S(U, V, Ny, ..., N,) that is continuous, differentiable, addi-
tive and extensive. For fixed V, N;, it increases monotonically with U.

3. When an internal constraint of an isolated composite system is removed, the equilibrium state
is the allowed state that maximizes the total entropy.

4. The entropy reference is fixed by the third law for a perfect crystal at absolute zero.
Terminology warning

Authors use boundary words differently. In the terminology adopted from Callen in these
lectures, a closed composite system is closed to all exchanges with the exterior and plays the
role commonly called an isolated system in Atkins-style terminology. We will always state the
permitted transfers explicitly rather than rely on the word “closed” alone.

3.11 What thermodynamic equilibrium means

An equilibrium state is time independent at the macroscopic scale and stable against every vari-
ation allowed by the constraints. It is not defined merely by “nothing appears to change.” In the
entropy representation it is the constrained maximum of total entropy. Removing different internal
constraints tests different parts of equilibrium:

14
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¢ a diathermal wall permits energy exchange and tests thermal equilibrium;
¢ a movable wall permits volume exchange and tests mechanical equilibrium;

¢ a permeable or selectively permeable wall permits matter exchange and tests chemical equi-
librium.

A composite system is divided conceptually into simple subsystems. In phase-equilibrium appli-
cations, each homogeneous phase is treated as a subsystem. More generally, a subsystem is a book-
keeping division and need not represent a distinct phase.

A \ol/va,sz 18 o wsedw L ’cb\/e%wooﬁ,ywwwia swhbsystems be-
accwse it s homogemeows and wees ks onnw fundamen-
oo L we Leakion

3.12 The fundamental equation

For a reversible change of a simple compressible closed system,
OGrev =T dS, OWrey = —p dV. (3.10)

Combining the first and second laws gives

\ dU =TdS - pdv. \ (3.11)

Thus U = U(S, V) for fixed composition, with

u ou
(), {3,

For a multicomponent system,

dU=TdS—pdV + ) pidN;. (3.13)
i

Tempenatwne, presswne cnwd ochvemaa L potentia L

cere apmjwgpacte bo emtuopy, voLwome and aomiponent
Mmoot

3.13 Why C, and Cy differ

Write the volume as V = V(T p) and define

1 (av) 1 (av)

a==\|==| KT =—=|==]| . (3.14)
v\dr), V\dp);

Here «a is the volumetric thermal-expansion coefficient and k7 is the isothermal compressibility.

The Maxwell relations derived from thermodynamic potentials lead to

TV a?
KT '

Cp—Cy = (3.15)

15
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For a mechanically stable material k7 > 0, so C, > Cy. At constant pressure some supplied heat
accommodates expansion as well as increasing internal energy.

For an ideal gas, « = 1/T and kT = 1/p. Since pV = nRT,
Cp - Cy =nR, (3.16)

or Cp,m — Cy,m = R per mole.
Checks

The units of TV &/« are joules per kelvin. If thermal expansion vanished, C, and Cy would
coincide in this expression.

3.14 Measuring entropy from heat capacity

At constant pressure and fixed composition,

Cp(T)
dH =TdS =C,dT, ds = T dT. (3.17)
Within a single phase,
2 Cy(T)
S(Ty) — S(Ty) = / =L 4T. (3.18)
T
At a reversible phase transition occurring at Ti,, the entropy changes discontinuously by
ASi, = Aty (3.19)
T

Therefore an entropy calculation crossing melting or boiling must combine heat-capacity integrals
with latent-entropy contributions:

S(T) = S(0) + Z / %dﬂ Z A]Ii“. (3.20)

phases transitions

3.15 Low-temperature extrapolation and the third law

At sufficiently low temperature, a crystalline solid approximately obeys C, = aT?. Hence

T
S(T) - S(0) = /0 aT2dT’ = “313 _ o ;T). (3.21)

The third law assigns
S(0)=0 (3.22)

to a perfect crystal at absolute zero. This reference makes absolute entropies accessible from calori-
metric data.

The zen0-entiopy stotement %eq/u,r'mzs a Fem@za’c anys-
tee L. Disosdes fozean wnwto the moatenia L ooy ?%DDLLL/QQ.
wesidwa L entnopy.

For a reaction or transformation, the standard entropy change is found from absolute molar en-

tropies:
AS = Y wiSi— > wist (3.23)

products reactants

16
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3.16 Which thermodynamic potential should decrease?

The entropy inequality selects the appropriate potential once the environmental constraints are
specified.

3.16.1 Helmbholtz free energy

Define
F=U-TS. (3.24)

For fixed composition,
dF = =SdT —pdV. (3.25)

At fixed T and V, spontaneous changes satisfy

620

with equality at equilibrium.

3.16.2 Gibbs free energy

Define
G=H-TS=U+pV -TS. (3.27)
Then
dG = -SdT +Vdp+ ) p;dN;. (3.28)
i

At fixed T and p, spontaneous changes satisfy

629

Constraints Potential Equilibrium test Typical setting

S,V,N; u minimum U isolated mechanical description
T,V,N; F minimum F fixed-temperature simulation cell
S,p,N; H minimum H adiabatic constant-pressure setting
T,p,N; G minimum G laboratory phase equilibrium

3.17 Extensivity and intensive variables

Entropy is additive and homogeneous of first order:
S(AU,AV,ANy,...)=AS(U,V,Ny,...). (3.30)

Temperature, pressure and chemical potentials are homogeneous of degree zero: scaling the system
does not change them. They are intensive variables.

The entropy representation follows from the chain rule:

_1 Pav - S H N,
dS = = dU + 7 dV Z = dN;. (3.31)
The quantities 1/T, p/T and —pu;/T are the entropy-representation conjugates.

17
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3.18 Equilibrium by constrained entropy maximization

Consider an isolated composite system containing two subsystems. Total entropy is additive:
S =50 452. (3.32)

The equilibrium state maximizes S subject to the conserved total quantities.

3.18.1 Thermal equilibrium

Let the separating wall be rigid, impermeable and diathermal. Only energy is exchanged, so

du® = —quW, (3.33)
Then
s (L _ L) quo (3.34)
7L T ' '

Since dU is arbitrary, equilibrium requires

3.35)

If T > T, spontaneous heat transfer removes energy from subsystem 1 and increases the total
entropy.

3.18.2 Mechanical equilibrium

Let the wall also move, so energy and volume may be exchanged while totals remain fixed. After
thermal equilibrium is imposed,

1) _ 5@
as=r_"F_ qyo (3.36)
Equilibrium therefore requires
p = p®), (3.37)
3.18.3 Chemical equilibrium
Let the wall permit component i to pass. Conservation gives le.(Q) = — dNZ.(l), and at common
temperature
FOR
dS = —————dN/". (3.38)
Thus
u = (3.39)

for every component that can exchange between the subsystems.

The wall reveals the equilibrium condition
A diathermal wall tests temperature equality, a movable wall tests pressure equality, and a

selectively permeable wall tests equality of the corresponding chemical potential. The per-
mitted exchange determines the variable that must equilibrate.

18
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3.19 From an equilibrium condition to a driving force

Away from equilibrium, differences in intensive variables provide thermodynamic driving forces.

For two uniform subsystems these appear as differences such as 1/T" — 1/T? or ygl) - 52). In

a continuous body they become spatial gradients. Later chapters will connect those gradients to
heat, mass and other fluxes.

entropy T,p,ui difference or flux and
maximum equal gradient kinetics

3.20 Week 3 learning map

Questions students should now answer

How is entropy obtained from heat-capacity data? Why must latent heats be included?
Which potential is minimized under fixed T, p conditions? Why do temperature, pressure
and chemical potential become equal at equilibrium? How does a difference in an intensive
variable become a driving force?

Commomn miseonaeption: equilibriwem s wot obtacimed
by deaLoning eveny didfewentio L xeno 1ndependent Ly
Fuwst iddemtidy the pemtbed ezahvanges acmnd the consen-
vockion aonw st ceants.
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Week 4

Multiphase equilibrium and
thermodynamic structure

Where we are

We now generalize the two-subsystem argument to several phases and components. The
central path is

constraints — allowed exchanges — equilibrium conditions — G(T, p, N;) — u;.

4.1 Several phases and several components

Consider phases a, f3, ... in an isolated composite system. Entropy and the conserved extensive
quantities are additive:

S:Zs<f’, u:Zu‘P, V:ZW’, Ni:ZNf’. (4.1)
9 5 % 9

For each phase,

¢
- —quP+ gy — TN
ds 5 du® + p dV i 5 dN;". (4.2)

Maximizing total entropy subject to the conservation constraints gives

Ta:Tﬁ:-.., pa:pﬁ:--al [u?:‘ulﬁ:"', (4.3)

The chemical-potential equality applies to each component that can exchange between the relevant
phases.

Qowent ko s cand iwpﬂ,ekewpﬁ,ew'a equockions be-
{one Sol,q}i/vvg, Y, zq/u/il,iloh/iu/m/ ?%olol/efyw.

4.2 Degrees of freedom and the phase rule

For C components and P phases, composition contributes P(C — 1) independent variables; temper-
ature and pressure contribute two. Equality of each component chemical potential between phases

20
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supplies C(P — 1) relations. Hence

[F=C-P+2. (4.4)

For condensed systems at prescribed pressure, the reduced formis F = C — P + 1.

What the phase rule says

F counts the intensive variables that may be changed independently without changing the
number of phases at equilibrium. It does not calculate their values.

4.3 Entropy maximum and energy minimum are equivalent

For fixed total U, V, N;, equilibrium maximizes entropy. An equivalent statement is that for fixed
total S, V, N;, equilibrium minimizes energy. The equivalence follows because S(U, V, N;) is mono-

tonicin U:
as 1
el S . 4.

(au)V,Ni T >0 ( 5)

If a variation at fixed U could increase S, then the inverse relation U(S, V, N;) implies that at the
original S the corresponding relaxed state has lower U. Thus

0S)uyvn =0, *Suyn <0 & ((Usyn =0, (6*U)sv,n; > 0. (4.6)
The constraint is part of the principle

“Entropy increases” and “energy decreases” are incomplete statements. Entropy is maxi-
mized at fixed U, V, N;; energy is minimized at fixed S, V, N;.

4.4 Homogeneity and Euler’s relation

Internal energy is homogeneous of first order in its extensive arguments:
U(AS,AV,ANy,...)=AU(S,V,Ny,...). (4.7)

Euler’s theorem therefore gives

U=TS-pV+ Z wiN;. (4.8)

Differentiating this expression and comparing it with the fundamental equation yields the Gibbs-
Duhem relation:

SdT—Vdp+ZNidyi:0. (4.9)
i

At fixed T and p,
Z N; du; = 0. (4.10)
i

Thus the chemical potentials in a mixture cannot vary independently.
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4.5 Legendre transformations and natural variables

A Legendre transformation replaces an inconvenient natural variable by its conjugate. Applied to
U(S,V, N;), it generates

F=U-TS, dF =-S§ dT—pdV+Zyi dNj;, (4.11)
i
H=U-+pV, dH:TdS+Vdp+ZyidNi, 4.12)
i
G=U-TS+pV, dG:—SdT+Vdp+ZyidNi. (4.13)
i
Potential Natural variables Useful environment Equilibrium principle
u S,V,N; isolated constraints minimum U
F T,V,N; thermal reservoir, fixed V minimum F
H S,p,N; fixed entropy and pressure minimum H
G T,p,N; thermal and pressure reservoirs minimum G

4.6 Reservoirs and the origin of minimum principles

A reservoir is an idealized system so large that a finite exchange changes its extensive variables but
not the relevant intensive variable. A heat reservoir maintains Tg; a pressure reservoir maintains

PR-
Place a system in diathermal contact with a heat reservoir and isolate the composite. Total entropy
must increase. Since ASg = —AU /T and equilibrium requires T = T,

A
ASior = AS — Tu ge0 < AU-TS)=AF<0 (4.14)

at fixed T, V, N;. Adding a pressure reservoir gives
AG=AU-TS+pV)<0 (4.15)

at fixed T, p, N;. The free-energy minimum principles are therefore entropy-maximization state-
ments for a larger isolated composite system.

A nesenrorn avonwges the comven et constnaimnt; the see-
ondl Lo tbse L Wees ok al/vauvugazot

4.7 Equations of state and why potentials add no new ones

The fundamental relation U(S, V, N;) contains the complete equilibrium thermodynamics. Differ-
entiation produces the equations of state

ou au ou
(Bl e, e
IS V,N; Vv S,N; IN; S,V Njsi

A Legendre transform changes the independent variables without adding physical information.
For example, G(T, p, N;) yields

dG dG dG
S=- (—) , V= (—) , pi = ( ) . (4.17)
or p.Ni Ip T,N; IN; T,p.Njzi
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These are alternative representations of the same constitutive content. One does not need an addi-
tional independent set of equations of state for every thermodynamic potential. Once one complete
fundamental relation is known, the others follow by Legendre transformation.

Why potentials are useful

Potentials do not introduce extra laws. They expose the variables controlled by the environ-
ment and make the applicable equilibrium criterion a minimum principle in those variables.

4.8 Chemical potential and partial molar Gibbs free energy

(2S¢
Hi = JN;
Therefore chemical potential is the partial molar Gibbs free energy of component i in the specified
phase.

From the differential of G,

(4.18)

)T,p,N#,‘

For a binary phase with molar Gibbs free energy G, (xp),
G = NAGE™™ + NGY™™ = Naua + Npus. (4.19)

The tangent at the chosen composition has slope g — u4. Its intercepts at xg = 0 and xg = 1 are s
and up respectively.

Read the geometry correctly

The slope of G, (xp) is up — pa, not either chemical potential separately. Chemical potentials
are obtained from the tangent intercepts.

G;n GWZ

HAA

tangent point

xgp =0 xl*B xp=1 =
4.9 Common tangent versus parallel tangents
Two phases a and f at fixed T, p require
uh =t up =i (4.20)
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A single common tangent satisfies both intercept equalities. Equal slopes alone give only

u — = iy — i, (4.21)
which does not imply equality of the individual chemical potentials.

Pona LLe L boengents cone imswdfrarent. a—b =c—d does wot
i lLya=coandb=d

G,, common tangent G,, parallel tangents

ARG

- XB XB
same two intercepts same slope only

By = [ui, pg = lué individual intercepts differ

410 Maxwell relations and measurable response functions

Because mixed second derivatives of a smooth potential commute, each potential generates Maxwell
relations. For example, from G(T, p, N;),

95 IV
(7)., a2

These relations replace difficult derivatives by experimentally accessible ones and connect heat ca-
pacities, thermal expansion and compressibility.

4.11 Bridge to statistical thermodynamics

Macroscopic thermodynamics identifies entropy and chemical potential but does not yet count the
microscopic arrangements that produce them. For N sites occupied by N4, N3, ... indistinguish-
able atoms,

N!
N4!Ng!---/
This combinatorial result opens Week 5, where microstates, probability and the partition function
connect atomistic descriptions to thermodynamic potentials.

Q= Seontig = kg In Q. (4.23)
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412 Week 4 learning map

Essential outcomes

Derive multiphase equilibrium from constrained entropy maximization. Use the phase rule
to count freedom. Derive Euler and Gibbs-Duhem relations from extensivity. Choose a po-
tential by its natural variables. Read chemical potentials from tangent intercepts. Distinguish
a common tangent from merely parallel tangents.

Computational laboratory. Construct two model molar-free-energy curves. Numerically find two
compositions satisfying both chemical-potential equalities, plot the common tangent, and sepa-
rately display a pair of parallel but non-common tangents to expose the missing condition.

Commomn mrisaomnaeptiom: the phvacse s Le aowmnts frneedom s,
1t does not Loaccte the equilibiiwm aomposition s,
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Week 5

Statistical thermodynamics: from
microstates to free energy

Where we are

Macroscopic thermodynamics introduced entropy and free energy without following atoms.
Statistical thermodynamics now supplies the microscopic connection:

microstates > Q - S=kglnQ —»7Z - F = —kgTIn Z.

5.1 Macrostates and microstates

A macrostate is specified by thermodynamic variables suchas U, V, N, T and p. A microstate spec-
ifies the microscopic positions and momenta consistent with that macrostate. Many microstates
may correspond to the same observable state.

For a monatomic gas containing N atoms, a classical microstate requires 3N position coordinates
and 3N momentum coordinates. Thermodynamics replaces this enormous description with a few
state variables.

The ywoLanosaopra stacte s what we meccswewne The -
anoskectes acne the atomta oo LW pe e NS aoqvvkcukilal,z
Wikl

5.2 Multiplicity and entropy

If a macrostate can be realized in {2 microscopic ways, Boltzmann'’s relation is
-
For independent systems, multiplicities multiply while entropies add:
Q2 = 10y, S12 =51+ Ss. (5.2)
The logarithm is therefore required by extensivity.

For N lattice sites occupied randomly by N4 atoms of A and N3 atoms of B,
N!

Q=———. 5.3
Na!Ng! (:3)

26



Thermodynamics and Kinetics of Materials Saswata Bhattacharyya

Using Stirling’s approximation, In N! 2 NIn N — N, gives the molar configurational entropy

ASumix = —R(xalnxa + xplnxp). | (5.4)

It vanishes in either pure-component limit and is maximal at x4 = xp = 1/2.
Checks

R supplies units of J, mol 1K™, Since 0 < x; < 1, each Inx; < 0, making ASyix > 0. The
result assumes random site occupancy and distinguishable lattice sites.

5.3 Probability and the most probable macrostate

For an isolated composite system with fixed total energy,
P(Uy) oc O (U1)Q2(U = Un). (5.5)

Maximizing the total multiplicity is equivalent to maximizing total entropy. Differentiation gives

2S5, ) ( 952 )
— =22 , (5.6)
((91.11 Vl,Nl auQ V2/N2

or Ty = To. The statistical and thermodynamic equilibrium arguments are therefore the same state-
ment at different scales.

5.4 The canonical ensemble

Consider a small system exchanging energy with a much larger heat reservoir at temperature T.
The probability of microstate » with energy E, is

p, =" 1 5.7
r = 7 i ,B - kB_T/ ( . )
where
7 = Z e BEr (5.8)
T

is the canonical partition function. For a continuous classical phase space, the sum becomes an
appropriately normalized integral.

The BoLtzmaww focakor 1s ok e \oh/olo&,loil/i%y loy 1bse L4 Da-
B 180N loy Z oo Laires the daskwibutiom

An energy difference matters relative to kgT. If AE > kgT, the higher state is rarely occupied; if
AE < kgT, both states are appreciably populated.

5.5 Thermodynamic information contained in Z

The Helmholtz free energy follows directly from the partition function:

|F=—kpTInZ.| (5.9)
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Consequently,
dlnZ
=— 1
u B (5.10)
s=—(%} | (5.11)
Ty N
au
Cv = (ﬁ)vz\z. (5.12)
Energy fluctuations provide another expression:
_(E?) —(E)?
Cy = kT2 (5.13)

5.6 Equipartition and the ideal gas

Each independent quadratic term in the classical energy contributes 3kgT to the mean energy. A
monatomic ideal gas therefore has

U= ;NkBT = gnRT, Cy = gNkB. (5.14)

For one particle of mass m in volume V/, the translational partition function is

1% h
=—, A=z —— . 5.15
A3 V2rumkgT ( )

For N indistinguishable noninteracting particles,

Ztr

N

_ Ztr
Zy = 3 (5.16)

The N! corrects the overcounting of permutations of identical particles.

5.7 Recurring binary-alloy example

For arandom A-B substitutional alloy, the configurational partition sum contains the combinatorial
multiplicity. If all arrangements have equal energy, mixing is driven entirely by entropy and

AGmiX = RT(XA Inxa + XB In XB) < 0. (5.17)

When unlike and like bonds have different energies, an enthalpic term competes with this entropy.
That competition will later generate clustering, ordering, miscibility gaps and spinodals.

5.8 The bridge to phase equilibrium

This is the conceptual bridge between Weeks 5 and 6:

aG

Q_Ni — phase equilibrium. (5.18)

Z—>F=—kBT1nZ—>G=F+pV—>yi=( )
T,p,Njzi

Microscopic state counting produces a thermodynamic potential. Derivatives of that potential pro-
duce chemical potentials. Equality of those chemical potentials determines phase equilibrium.

28



Thermodynamics and Kinetics of Materials Saswata Bhattacharyya

5.9 Week 5 computational laboratory

For a two-level system with energies 0 and e:

1. calculate Z = 1 + ¢~¢/(ksT),

plot the two occupation probabilities versus kT /€;
calculate U(T), S(T) and Cy(T);

verify the T — 0 and T — oo limits;

S N

explain the heat-capacity maximum using population transfer.

510 Week 5 learning map

Five essential ideas

A macrostate contains many microstates. Entropy measures multiplicity logarithmically. The
Boltzmann factor ranks states by energy relative to thermal energy. The partition function
normalizes probabilities and generates thermodynamics. Free-energy derivatives connect
statistical mechanics to phase equilibrium.

Three equations to reconstruct: S = kgInQ, P, = ¢ P5/Z,and F = —kgT In Z.

Comvmon mrasapmn agpbiomn: a posibire tntesaation predesenae
does wot ccwtormotiaa LLY oo cw ondened phacse. The
sooendom-oe LLoY ccpprozimakiomn aontarmns wo swbLotbiae
pacwponay vanicblLe aopabLe 0f desawibing Lowg-ramnge
odes.
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Week 6

Phases, transformations and
thermodynamic stability

Where we are

The partition function supplied free energy. We now use free energy to decide which phase
is stable and whether an internal transformation can proceed:

state — potential — stability — driving force — phase transformation.

6.1 Whatis a phase?

A phase is a portion of matter that is chemically homogeneous, physically distinct and mechanically
separable in principle. Its intensive properties, such as composition, density, crystal structure and
magnetization, are uniform at equilibrium, apart from interfacial regions and fluctuations.

phase a phase f3
T p, %, pf, f

- phase boundary

A phase is a subsystem; the interface is a spatial region, not a third bulk phase.

A component is a chemically independent constituent needed to specify composition. A phase
and a component are different ideas. Water and ice are two phases of the same component. A
homogeneous A-B solid solution is one phase containing two components.

6.2 Equilibrium and phase transformation

At thermal, mechanical and diffusional equilibrium between phases,

T = TP, p® = pP, ud = ‘uf for every transferable component i. (6.1)
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A phase transformation is an internal process that changes the amount or internal state of one or
more phases. It can involve entropy exchange with the surroundings and entropy production inside
the system.

For a process variable &,
dU:TdS—pdV+ZyidNi—Ddé, (6.2)
i

where D is the driving force in this sign convention. A spontaneous increment satisfies D d& > 0.
At equilibrium, D = 0.

Reversible and irreversible transformation

At the equilibrium transformation temperature, two phases can coexist and an infinitesimal
change can be reversed by an infinitesimal change of the constraint. Away from coexistence,
a finite driving force produces entropy and the natural transformation is irreversible.

6.3 Which potential should be minimized?

The environment determines the useful potential:

Fixed variables Potential Equilibrium criterion Typical setting

S,V,N; u minimum U isolated constrained body

T,V,N; F=U-TS minimum F rigid body with heat reser-
Voir

S,p,Ni H=U+pV minimum H adiabatic pressure control

T,p,N; G=U-TS+pV minimum G most phase-equilibrium ex-
periments

At fixed T, p, N;, a possible internal change obeys
dG=-Dd& <. (6.3)

The stable equilibrium is therefore a minimum of G with respect to every allowed internal variable.

6.4 Local stability, metastability and instability

Consider G(T, p, N;, &) at fixed external variables. At an equilibrium candidate,

JG
= = 0. (6.4)
( aé )T,p,Nj

Its curvature distinguishes the possibilities:
QG L. 82G .
=75 > 0 stable or metastable minimum, —— < 0 unstable maximum. (6.5)

& d&E?
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G

barrier
nucleation required

lower G

metastable

stable

A metastable phase is a local minimum separated from the stable phase by a barrier. An unstable
state is not a minimum; an arbitrarily small allowed fluctuation lowers the potential. This distinc-
tion later separates nucleation from spinodal decomposition.

6.5 Unary phases and molar Gibbs energy

For a one-component phase at fixed pressure,

IGy
aT

2 C
dGm = _Sm dT/ ( = _Sm/ (a Gm) = = <0. (66)
p

- 2
p aT T

Thus G;,(T) slopes downward and is concave downward for a stable phase with C, > 0. The phase
with the lowest molar Gibbs energy is stable.

A straight line is only a tangent

The relation dG,, = =S, dT does not make G, (T) a straight line. Since S,, changes with
temperature, the slope changes too. A straight segment with slope —S,,(Tp) is only the local
tangent at Ty. Over a finite temperature interval the curvature must be retained through

(o),
p

T2 T

The curves below are therefore deliberately curved.

Gy = an at coexistence;
he lower curve is stable on either side.

At the transformation temperature,

GY =G,  AG,=0,  AHy =T,ASy. (6.7)
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6.6 Computational laboratory

Construct two thermodynamically consistent free energies from reference-state data and heat ca-
pacities:

T
H(T) = HY) , + / CY(T") dT’, (6.8)
TC? (T
SWD) =Sh,+ [t ar, 69)
Ty
Go(T, py) = HA(T) = TSH(T). (6.10)

Plot G, and Gfl, locate T;, from equality, and verify both the slope dG,,/dT = —S,, and curvature
902Gy /dT? = —C,/T. Then add pressure through fp s dp and observe how the crossing moves.
This is the same recipe used in Week 7 to construct a unary phase diagram.

6.7 Week 6 learning map

Five essential ideas

A phase is a homogeneous subsystem. Equilibrium conditions follow from allowed ex-
changes. The controlled variables select the potential. Stable equilibrium is a constrained
minimum. Equality of unary molar Gibbs energies defines a transformation temperature.

Cormvmwon Wisaowaz?%iow: e Loace L i imreomns 18 wot moea-

essoeni Ly thve g Loboe LALY svab Le phvose Ty mraybe mretastobLe
beaawse oo Lonesr mimimwm ezists beyond a baswsien,
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Week 7

Unary phase diagrams and the Clapeyron

equation

Where we are

Week 6 compared phase free energies at one pressure. We now allow pressure and tempera-
ture to vary. Equality of chemical potential traces a phase boundary in the p—T plane.

7.1 The unary pressure-temperature diagram

For a pure substance, each single-phase region has two independently variable intensive coordi-
nates, T and p. Along a two-phase boundary, coexistence imposes one relation and leaves one
degree of freedom. At the triple point, three coexistence conditions fix both T and p.

solid

triple point

sublimation

fusion

critical point

vaporization

vapour

The diagram is a map of equilibrium states. Crossing a boundary changes the stable phase. Motion
along a boundary changes T and p while preserving equality of the two chemical potentials.
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7.2 What the NIST tables give us

The NIST-JANATF tables are a practical source for constructing the standard-pressure part of a unary
diagram. For a stated phase and temperature they tabulate quantities such as
_G(T) — Hy(Ty)

T 4

C;,ml S;w H;(T) - H;(Tr);

with T, = 298.15K and standard pressure p° = 0.1 MPa. The last column is especially useful
because
G(T) - Hy, (T)

T .

Thus the tabulated Gibbs-energy function can be converted directly into a phase free energy relative
to a common enthalpy reference.

G, (T)-H,,(T,)=-T |- (7.1)

The NIST Chemistry WebBook often provides the same temperature dependence as piecewise Sho-
mate polynomials. With ¢t = T/(1000 K),

E
Cpm=A+Bt+Ct?+Dt* + oL (7.2)
. . Bt? Ct*> Dt* E
Hm_Hm,298.15=At+7+?+T_?+F_H’ (73)
Ct? Dt* E
m=Alnt+Bt+ —+ —-—+0G. 7.4
S =Alnt+Bt + = T (7.4)

The coefficients are valid only over the temperature interval printed with each set. A phase transi-
tion generally requires a new set and the appropriate transition enthalpy and entropy.

Two cautions when reading a database

For an element, A G, = 0 for its stable reference form by convention. That zero is not the com-
plete G,,,(T) curve and cannot by itself compare allotropes. Compare phase-specific Gibbs
functions expressed relative to the same reference. Also, JANAF is primarily a standard-
pressure table. Constructing G,,(T, p) away from p° still requires V,,(T, p) or an equation of
state through f Vi dp.

For iron, NIST provides separate temperature ranges associated with the «/6 solid, the y solid and
the liquid, including transition entries. This makes iron a useful data-driven laboratory: evaluate
all phase functions, plot them on the same axes, and confirm that their crossings reproduce the
equilibrium sequence.

NIST data: JANAF iron tables and NIST Chemistry WebBook: iron.

7.3 Recipe: construct unary equilibrium from phase free energies

For a unary system, do not begin by sketching phase boundaries. Begin with a separate molar
Gibbs-energy surface for every candidate phase ¢:

Go(T, p) = Hy(T, p) = TSo(T, p). (7.5)

At each point (T, p), the stable phase is the one with the smallest G,;,. The following procedure
turns thermochemical data into the equilibrium map.

1. Choose a reference state. Specify T,, p,, Hilr, sz,r for every phase.
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2. Build the temperature dependence. Use

T

Hy(T,p,) = H, + / C§(T") dT’, (7.6)
T C? (T

ST, p) = Sh+ [ L ar 77)

This produces a curved qu(T, pr); a straight line is only a local tangent.
3. Add pressure. At fixed temperature,

¢ ¢ Vb a1
Gu(T,p) = G,u(T,pr) +/ Vi (T,p") dp’. (7.8)
pr

For a condensed phase over a modest pressure range, V,;, may be approximated as constant.
For gases, an appropriate equation of state is essential.

4. Compare phases. A two-phase boundary satisfies Gi, = Gﬁm. On either side, evaluate both
energies; the lower one identifies the stable phase.

5. Find invariant points. A unary triple point satisfies
Giy(Ti, p1) = Gh(T, pi) = Gl (Ts, o). (7.9)

Solve two independent equality equations for the two unknowns T; and p;, then verify the
third equality numerically.

6. Check slopes. Differentiate the equality of the two Gibbs energies. The boundary must obey
dp/dT = AS;,,/AV},. A plotted line that violates this sign or magnitude is thermodynamically
inconsistent.

reference H, S construct each solve select the lowest G
Cp(T), V(T,p) Gﬁ(T, p) G§ = an and map stability

What a boundary slope tells us

The sign of a coexistence-line slope reports whether the entropy and volume changes have
the same or opposite signs. Its magnitude reports their ratio, not either quantity separately.
A steep line can arise from a large AS,,, a small AV}, or both. Independent calorimetric or
volumetric information is needed to separate them.

7.4 Derivation of the Clapeyron equation

Along coexistence of phases « and §3,

u(T,p) = uf (T, p). (7.10)
For a pure phase, du = =S, dT + V},, dp. Differentiating the coexistence equality gives

~S%dT + V& dp = =Sk, dT + V£ dp. (7.11)

Therefore

dp _ AS, _ AHy
dT ~ AV,, TAV,,

(7.12)
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Read the slope physically

The boundary slope is not an empirical decoration. Its sign and magnitude reflect the entropy
and volume changes of the transformation.

7.5 Solid-liquid equilibrium

For melting, ASg,s > 0. Most materials expand on melting, so AVy,s > 0 and the melting line has
positive slope. Ice is a familiar exception near atmospheric pressure because liquid water is denser
than ice, so AVy,s < 0 and pressure lowers its melting temperature.

If AH,, and AV, are approximately constant over a small interval,

AHy, _ TnAVy,

Ap = AT AT Ap. 7.1
p Tav. AT AL p (7.13)
p p
AVis >0 T AVis <0 4
ordinary material ice near 1 atm

7.6 Two unary materials examples

7.6.1 Iron: several solid phases before melting

Pure iron at approximately atmospheric pressure demonstrates that a unary material need not have
only one solid phase. On heating, its equilibrium sequence is approximately

a-Fe (bec) —s y-Fe (fcc) —25s §-Fe (bee) ——s liquid. (7.14)

Curie point
magnetic transition
y fec liquid
|

a bee ‘

1 1
0 bee T (K)
1184 1665 1811

|
|
|
|
1
|
|
1

The Curie temperature near 1043 K changes magnetic order within bcc iron. It should not be con-
fused with the bec-to-fee structural transformation near 1184 K. Each structural boundary is again
an equality of the molar Gibbs energies of the adjacent phases.
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7.6.2 Silicon: an initially negative melting-line slope

Diamond-cubic silicon melts near 1687 K (1414 °C) at ambient pressure. The liquid is denser than
the open diamond-cubic solid near melting, so

AViye = Viaud _ ysolid o (7.15)

Since ASqs > 0, Clapeyron predicts (dp/ dT)coexist < 0: increasing pressure initially lowers the
melting temperature.

local low-pressure melting boundary
negative slope

diamond-cubic solid

1687 K

These sketches are teaching reductions, not complete high-pressure phase diagrams. The iron tran-
sition temperatures follow the NIST-JANAF phase data; the silicon melting point and negative ini-
tial melting slope are well-established reference results.

7.6.3 Tin: allotropy, kinetics and tin pest

At approximately atmospheric pressure, grey a-Sn has the diamond-cubic structure and is thermo-
dynamically stable below about 286.3 K (13.2°C). Metallic white $-Sn is tetragonal and is stable
above this temperature. It melts near 505.1 K (231.9 °C):

. ., 286.3K 505.1K .. .
a-5Sn (diamond cubic) === f-5n (tetragonal) —— liquid. (7.16)
cooling
a-Sn | B-Sn 1iﬁuid
\ !
286.3 505.1 T (K)

The p — a transformation can be extremely slow even below the equilibrium temperature. Once
nucleated, the lower-density grey phase can cause metallic tin to crumble, a phenomenon called tin
pest. Tin therefore separates two questions that students often merge: which phase has the lower
Gibbs energy, and how rapidly can the transformation occur?

7.7 Liquid-vapour equilibrium and Clausius—Clapeyron

For vaporization, VP > V,i% and an ideal vapour has V,** ~ RT/p. Then

% _ AHyapp dlnp  AHwp

dT = RT? ’ d(1/T) ~ R (7.17)
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If AHy,p, is constant,

In—=-

p1 R

7.18

p2 AI_Ivap ( 1 1 )

CLawsiws-QLocpeynomn 18 cemn approzimotiomn to QLopeyromn,
Tt wees aew 1dea L vavown, nwegpLeats the condemnsed-pheose
volume acnd. common Ly teots AHy,, ocs aomstoent,

7.8 Introduction to partial molar quantities

A solution property is not generally obtained by assigning every component its pure-component
molar property. Adding a small amount of component i can change both composition and interac-
tions. For any extensive property Z(T,p, Ny, ..., Nc), define

= 2z
Zl‘ = (a_l\ll

) . (7.19)
T,p,Njzi

For Z = G, G; = ;. A partial molar property belongs to component i in the specified phase,
composition, temperature and pressure.

Measured and inferred

A phase-boundary slope can be measured. Clapeyron uses it with a volume change to infer
a transformation entropy or enthalpy. A partial molar quantity is a derivative inferred from
how a total extensive property changes when composition changes.

7.9 Computational laboratory

Use tabulated AH and AV for one fusion transition. Plot the locally linear melting boundary and
test the sign. Then use two vapour-pressure points to estimate AH,;, from a plot of In p against 1/T.
State where the constant-enthalpy approximation is likely to fail.

7.10 Worked examples

7.10.1 Find a triple point from three Gibbs-energy surfaces

Problem. In a model unary system, let T be in kelvin, p in gigapascals and G, in kJ mol™!. Relative
to phase «, three locally valid Gibbs energies are

GE =0, (7.20)
GE, = 4.00 - 0.010T + 1.00p, (7.21)
G}, = 9.50 — 0.020T + 0.50p. (7.22)

The linearized expressions are local tangent-plane models near the sought point, not global free-
energy functions. Find the triple point and the slopes of the three boundaries.

Step 1: impose a—f coexistence.
G: =Gl = p=0.010T —4.00. (7.23)
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Step 2: impose a—) coexistence.

G% =Gl = p=0.040T - 19.00. (7.24)

Step 3: intersect the two boundaries.

0.010T - 4.00 = 0.040T —19.00 = |T; =500K|,  [p; = 1.00GPal. (7.25)

Step 4: verify all three free energies. At (500K, 1.00 GPa),
G&=0, GP=4-5+1=0, GL=95-10+05=0.

All three phases coexist.

Step 5: read and check the slopes.

d

Pl — 10.010GPaK, (7.26)
dT ) 5

d

P~ 10.040GPaK, (7.27)
T/,

d

Pl — _0.020GPaK. (7.28)
dr By

The negative f—) slope means that AS,, and AV, have opposite signs for the chosen direction of
transformation. This construction follows the phase-competition strategy emphasized by DeHoff
and Swalin: calculate the thermodynamic surfaces first and let their intersections generate the dia-
gram.

7.10.2 Pressure shift of a melting temperature

Problem. A material melts at T;;, = 1000 K at pressure p;. Its molar enthalpy and volume changes
on melting are
AHpys = 10.0kJmol ™", AV = +0.50 cm® mol ™.

Estimate the change in melting temperature when pressure increases by 100 MPa.

Step 1: choose the relation. For a small interval,

AT ~ Tm A‘/fus

Ap.
AH fus P

Step 2: convert units.

AVpys = 0.50 X 107 m* mol™,  AHps = 1.00 X 10* Jmol™", Ap = 1.00 x 10°® Pa.

Step 3: calculate.
(1000)(0.50 x 1079)(1.00 x 10%)

AT =
1.00 x 104

=5.0K. (7.29)

Step 4: interpret. The positive AVy,s gives a positive boundary slope. Pressure stabilizes the
smaller-volume solid, so a higher temperature is required to melt it.
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7.10.3 Vapour pressure from Clausius—Clapeyron

Problem. A liquid has p; = 1.00 bar at Ty = 373.15 K. Assuming AH,, = 40.7kJ mol~! is constant,
estimate its vapour pressure at 15 = 350.0 K.

Step 1: write the integrated equation.

p2 AI_Ivaup ( 1 1 )
P .

m R\ T

Step 2: substitute in SI units.

p2 40700 ( 1 1 )
1 =- - 7.30
" 1,00 bar 8.314 \350.0 373.15 (7.30)
= —0.868. (7.31)
Step 3: exponentiate and check.
p2 = (1.00 bar)e 8% = (.420 bar. (7.32)

The lower temperature gives the lower vapour pressure, as required physically.

7.10.4 Equilibrium does not guarantee a rapid transformation

Problem. A specimen of pure white tin is cooled below 13.2 °C but remains metallic for a long time.
Does this contradict the unary phase diagram?

Solution. No. The phase diagram identifies grey a-Sn as the equilibrium phase below the transi-
tion temperature. It does not specify the rate. Formation of a-Sn requires nucleation and interface
motion. A nucleation barrier or slow atomic rearrangement can retain metastable 5-Sn. Thermody-
namics supplies the direction and driving force; kinetics determines the time required.

711 Week 7 learning map

Five essential ideas

A unary diagram maps stable phases in p—T space. A two-phase line is a chemical-potential
equality. Clapeyron is exact along coexistence. Clausius—Clapeyron adds approximations for
vaporization. Partial molar quantities describe component contributions inside a solution.

Commomn mrisapmaepkion: a %l/va/se—loouxv\/ota/%y sLoFe does nwok
by itse L4 wevea L AH; the taansdomoation volwme e
temperatene cse e L so h/ec?/u,f'meot
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Week 8

Partial molar properties, Gibbs—Duhem

and ideal solutions

Where we are

Unary equilibrium compared one chemical potential between phases. A multicomponent
phase requires one chemical potential for each independently transferable component. Par-

tial molar quantities provide that language.

8.1 Extensive properties of a multicomponent phase

Let Z(T,p, Ny, ..., Nc) be an extensive thermodynamic property. Extensivity means

Z(T,p,ANy,...,AN¢c) = AZ(T,p,Ni,...,N¢).

Euler’s theorem then gives

C
= = 7
Z = NiZ;|, Zi=|=— .
Z il i (aNi)T,p,Nj,;,-

Dividing by N = }’; N; gives the molar property

Zm = Z xiZ.

i

G= Z Niui, G = Z Xildi.

1

For Gibbs free energy,

8.2 Why the partial molar quantities are coupled

The fundamental differential is

dG = -SdT +Vdp+ ) p;dN;.
i

Differentiating G = }}; N;u; and comparing gives the Gibbs-Duhem relation

SAT - Vdp + > Nidp; =0.
i
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At fixed T, p,

Z xi dyi = 0. (8.7)
i
Thus the chemical potentials in one phase cannot be varied independently. In a binary phase,
XA dyA + XB dyB =0. (8.8)
XA $IJA xp dpip

| T

If one chemical potential rises with composition, another must compensate.

8.3 Binary tangent construction

For a binary molar property Z,,(xp),

dZ,,
de !

dZ,,
de ’

fB =Zy+ (1 - XB) (89)

214 = Zm — XB
These are exactly the two intercepts of the tangent to Z,,(xp) at the selected composition.

Zm

| 75

XB

For Z = G, the intenaepts aene avemiao L potentiac L. The
sLope 18 up—pa, not eithen echvemrao L potentio L sepocsote Ly,

8.4 Partial molar quantities in an n-component phase

For n components, only n — 1 mole fractions are independent because

y=1- xi (8.10)

dx;. (8.11)

o,
N
3
Il
.Mﬁ
L
—_
NN
N
s
N —
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The same differential obtained from partial molar quantities is

Therefore

and, fori=1,...,n—1,

(8.12)

(8.13)

(8.14)

) . (8.15)

A tangent plane replaces the tangent line

For a binary solution, the tangent is a line and its two intercepts are the partial molar quan-
tities. For a ternary solution, Z,,(x1, x2) is a surface and the tangent is a plane. For an n-
component phase, the same construction occurs in an (7 — 1)-dimensional composition space.

For Gibbs energy, these equations give all chemical potentials. The gradient components are chemical-

potential differences:

(aﬁ) i
8xi T,p Hi ™ fhn-

(8.16)

Thus a multicomponent gradient does not directly give the individual chemical potentials until
Euler reconstruction fixes the common offset.

8.5 What information is sufficient?

Before calculating, identify what the problem actually supplies

most errors.

. The following distinctions prevent

Given

What can be found

What else is required

Zu(xp) as a differentiable
function

One value of Z,, and its local
slope

Zp(xp) over a range

Only one value of Zp at one
composition

ZB - Zq and Z,,

A table of Z,, versus compo-
sition

Both Z4 and Zp at every interior
composition
Both partial molar quantities at that
composition
Z A(xg) by Gibbs-Duhem integration

Not enough to find Z 4

Both partial molar quantities
Approximate both quantities

The derivative dZ,,/ dxg
Nothing further

One boundary value for Z 4, usually
ZA (0) — Zgure

A composition dependence
derivative, plus an anchor
Composition xp

A justified interpolation or numer-
ical derivative; preferably uncer-
tainty estimates

or
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A value is not a function

Gibbs-Duhem relates changes in partial molar quantities. Knowing Zp at one isolated compo-
sition does not determine Z 4. Integration requires the variation of one partial quantity with
composition and one reference value for the other.

8.6 Gibbs-Duhem integration in a binary phase

At fixed T, p, the binary relation for any molar property generated from an extensive Z is

(1 - XB)dZA + XB d?g =0. (8.17)
If Zp(xg) is known as a function, then
dZA XB dZB
=— . 8.18
de 1- XB de ( )
Using the pure-A endpoint as the integration constant gives
— Yy dZp(u)
Z = Zhme — ————— du. 1
s = 2= [ S .19
Conversely, if Za (xp) is known, integrate from pure B:
1 —
2 ure 1-u dZA(M)
Z =7z du. 2
R e T 8:20)

The apparent factors 1/(1 — u) or 1/u require care near an endpoint. A physically consistent model
must have the corresponding derivative approach zero sufficiently rapidly, or the integral must be
treated through an appropriate limiting law. For chemical potentials, logarithmic divergence at
infinite dilution can be physical; it should not be confused with a numerical failure.

8.6.1 How to use a table at the end of a problem or book

If the data are tabulated rather than given analytically:

1. Confirm that every row refers to the same T, p and single phase.

2. Convert the composition column to mole fraction and verify x4 + xp = 1.

3. Identify whether the table contains Z,,, 74, Zp, an activity, or an excess quantity. They are
not interchangeable.

4. Plot the supplied data before differentiating. Look for transcription errors, discontinuities
and phase changes.

5. Fit a smooth, thermodynamically sensible interpolant or use carefully chosen finite differ-
ences. Differentiation magnifies experimental scatter.

6. Apply either the tangent-intercept equations or Gibbs—Duhem integration.

7. Use a pure-component or independently measured boundary value to fix the integration con-
stant.

8. Reconstruct Z,, = x4Z 4 + x5Zp and test Gibbs—Duhem. Report the effect of the interpolation
choice on the result.
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Partial-molar calculation checklist

State the phase, T, p, composition variable, units and reference state. Identify the supplied
function and the required derivative. Supply an integration anchor when needed. Check
endpoint limits, Euler reconstruction and Gibbs-Duhem consistency. Never integrate across
a two-phase region as though it were one homogeneous phase.

8.7 Properties and changes of mixing

The change of mixing compares the solution with separated pure components in specified reference

states:
AZ mix = Zsolution — Z Niz?ure' (8.21)
i

The reference temperature, pressure and pure-component states must be stated. Mixing does not
mean reaction, and a zero enthalpy of mixing does not imply zero entropy of mixing.

8.8 Ideal-gas mixtures and ideal solutions

For an ideal-gas mixture, component i has partial pressure

pi = Xip, p= Z pi- (8.22)
Its chemical potential is
wi(T, pi) = 12(T, p°) + RTIn 2L, (8.23)
An ideal solution is defined thermodynamically by
wi = +RTInx;|, (8.24)

where 7 is the chemical potential of pure i in the same structural state at the same T, p. Therefore

AH}, =0, (8.25)

ASH, = =R > xilnx;, (8.26)
i

AGH, =RT ) x;Inx;. (8.27)
i
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ASpix /R

maximum at xg = 1/2

AGmix/RT

XB XB

mixing lowers G

8.9 A lattice picture and its limitation

Randomly distributing N4 A atoms and Ng B atoms over N sites gives

N!

Q= m, ASpnix = —R(xalnxa + xpIn xp). (8.28)

This random-alloy approximation describes compositional mixing. It cannot represent long-range
ordering unless distinct sublattice occupancies or other order parameters are introduced.

e e 0o 0 0 0 0 o
e o 0 0 0 0 o0 o random occupancy fixes the combinatorial entropy;
e 0606 06 0 0 0 o it does not create an ordering variable

e o 0o 0 0 0 0 o

8.10 Computational laboratory

For a binary ideal solution, plot ASix, AGmix, ta — ‘u;‘ and up— y% from xpg = 0.001 to 0.999. Verify
the pure limits, the entropy maximum at xg = 1/2, Gibbs—-Duhem numerically, and the tangent-
intercept identities.

8.11 Worked examples

8.11.1 Partial molar properties from a tangent
Problem. A binary phase has the model molar property, in kJ mol™},
Zm(xB) =8+ 12xp + 203(?3(1 - xB).

Find Z4 and Zp at x5 = 0.30 and verify Euler reconstruction.

Step 1: evaluate the molar property.

Zm =8 +12(0.30) + 20(0.30)(0.70) = 15.8kJ mol ™. (8.29)
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Step 2: find the tangent slope.
dZy,

o = 12 +20(1 — 2xp) = 20.0kJ mol . (8.30)
Step 3: calculate the two intercepts.
Za="Zm—XB C(lii: =15.8 — (0.30)(20.0) = 9.8 kJmol !, (8.31)
Zp =Zm + (1 - xp) ii: = 15.8 + (0.70)(20.0) = 29.8kJ mol ™. (8.32)
Step 4: verify. _ _
xaZa + x5Zg = (0.70)(9.8) + (0.30)(29.8) = 15.8 = Z,,. (8.33)

8.11.2 Ideal mixing and chemical-potential shifts

Problem. Mix A and Bideally at T = 1000 K with xg = 0.25. Calculate AS,ix, AGmix and the mixing
contributions to p4 and ug.

Step 1: entropy of mixing.

ASix = —R[xalnxa + xgInxp] (8.34)
= —8.314[(0.75) In 0.75 + (0.25) In 0.25] (8.35)
= 4.68 Jmol KL, (8.36)

Step 2: Gibbs energy of mixing. Since AHix = 0,
AGmix = =TASmix = —4.68kJ mol ™. (8.37)

Step 3: component chemical potentials.

A—Uy =RTInxy = —2.39kJmol ™}, (8.38)
HA = Hy
up — ty = RTInxp = —11.53kJ mol ™. (8.39)

Step 4: reconstruct the mixing free energy.

xa(ua — wy) + xp(up — pup) = —4.68kJ mol L. (8.40)

8.11.3 Using Gibbs-Duhem as a consistency test

Problem. In a binary phase at fixed T, p and xp = 0.40, measurements give

d
SHB 19 0kTmol™.
de

What must dus/ dxp be?

Solution. At fixed T, p,
XA dyA + XB d[JB =0.

Dividing by dxp and using x4 = 0.60 gives

daa _ _xp dps 0.0

= = 12.0) = 8.0k -1 8.41
s~ xadxg - 06020 =-80kJmo (841)

The opposite signs are required. If independently fitted chemical potentials violate this relation,
they cannot describe one thermodynamically consistent phase.
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8.11.4 Given one partial molar function, find the other
Problem. At fixed T, p, a single binary phase has
Va(xg) = 10.0 + 2.0xg cm®mol ™!,

and V;™ = 8.00 cm® mol ™. Find V 4 at xp = 0.40, then calculate V.

Step 1: identify the required anchor. The supplied function for Vp is not enough without one

value of V 4. The pure-A value supplies

V4(0) = Vgure =8.00 cm® mol ™.

Step 2: differentiate the known partial molar volume.

4V = 2.0cm® mol L.
dx B
Step 3: perform the Gibbs-Duhem integration.

udu

p— XB
v = 8.00 — 2.
A(xB) 8.00 0/0 1—u
=8.00+ 2.0 [XB + 111(1 - XB)] .

At xg = 0.40,

V4 = 8.00 + 2[0.40 + In(0.60)] = 7.778 cm® mol ™.

Step 4: evaluate the known component and reconstruct the molar volume.

V5(0.40) = 10.80 cm® mol ™!,

Vi = (0.60)(7.778) + (0.40)(10.80) = 8.987 cm® mol L.

Step 5: check the local Gibbs—Duhem relation.

dV 4 0.40
=——""—(2.0) = —1.333,
dxp 0.60( )

s0 (0.60)(—1.333) + (0.40)(2.0) = 0 as required.

8.11.5 Determine both partial molar quantities from tabulated data

Problem. At one fixed T, p, a table for a single binary phase contains

XB 035 040 045
Zm (kJmol™!) 892 932 9.68

Estimate Z 4 and Zp at x5 = 0.40.
Step 1: estimate the tangent slope with a centred difference.

dZu| _ 9.68-8.92

~ = 7.60kJmol .
dxg |y, 045-0.35 e
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Step 2: calculate both tangent intercepts.

Za =9.32 —(0.40)(7.60) = | 6.28 kJ mol ™|, (8.49)

Zp = 9.32 + (0.60)(7.60) =| 13.88 kJ mol " | (8.50)

Step 3: verify Euler reconstruction.

(0.60)(6.28) + (0.40)(13.88) = 9.32kJ mol . (8.51)

Step 4: state the limitation. The result depends on the numerical slope. With experimental data,
repeat the calculation using a smooth fit and nearby point selections; the spread is part of the un-
certainty.

8.11.6 All partial molar quantities in a ternary phase
Problem. A ternary phase has the molar property
Zm(x1,x9) = 5+ 2x1 + 4x9 + 6x1x2 + 3x2  kJmol ™, (8.52)

with x3=1-x1 —xo. Find Zl, 22 and 23 at x; =0.20, xo = 0.30, x3 = 0.50.
Step 1: evaluate the molar property.

Zm =5+ 2(0.20) + 4(0.30) + 6(0.20)(0.30) + 3(0.20)% = 7.08. (8.53)

Step 2: calculate the two independent derivatives.

2z

g1 = a—x’f =2+ 6x2 + 6x1 = 5.00, (8.54)
2z

ga = a—x’; =4+ 6x; = 5.20. (8.55)

These are q; = Z1—Z3and g2 = Zo—Zs.
Step 3: calculate the dependent-component partial quantity.

Zs = 7.08 — (0.20)(5.00) — (0.30)(5.20) = | 4.52kJ mol"! | (8.56)

Step 4: calculate the other two.

Z1=4.52+5.00 = 9.52, Zo=4.52+5.20=9.72| kJmol™'. (8.57)

Step 5: verify Euler reconstruction.

(0.20)(9.52) + (0.30)(9.72) + (0.50)(4.52) = 7.08 = Z,,. (8.58)

8.12 Week 8 learning map
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Five essential ideas

Partial molar properties are composition derivatives of a total extensive property. Euler re-
construction expresses the total through those partial quantities. Gibbs—-Duhem couples their
changes. Chemical potential is partial molar Gibbs free energy. Ideal mixing combines zero
enthalpy of mixing with positive configurational entropy.

Commomn misaonaepbion: idea L does mot moea that the
a0 M poN e NS Weacase o enengy ok No intewocakions Ty omeanws
that mazing intnodwaes wo ezaess emthoe Lpy acnd thoct
the emtopy oL Lows wanwdom miaizing.
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Week 9

Activities, real solutions and the
quasichemical picture

Where we are

Week 8 defined partial molar quantities and ideal mixing. We now retain the universal form
pi = y7 + RT In a; while allowing the activity a; to record non-ideal interactions. The path is

standard state — a; — y; — GEI — atomic interaction model.

9.1 Activity is defined through chemical potential

For component i in one specified phase,

wi(T,p,{x;}) = u;(T,p) + RT In a;. 9.1)

Activity is dimensionless. Its numerical value depends on the chosen standard state, so an activity
without a stated standard state is incomplete information.

For a condensed solution using the pure component in the same structural state as the standard
state,
a; = yixi, pi = u; + RTInx; + RT Iny;. (9.2)

An ideal solution has y; = 1 throughout. A real solution need not.

What activity means
Activity is the composition-like quantity that produces the correct chemical potential. It is not

an effective number of atoms and it is not an arbitrary correction factor. It measures escaping
tendency relative to a defined reference.

9.2 Raoult and Henry reference states
For an ideal vapour in equilibrium with a condensed solution,

1% = mu'™° + RTIn %. 93)
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Near pure i, the Raoult convention uses pure condensed i as standard:

rR _ Pi R R

pi = xip;, a;’ = o =y xi, yi =1 (xi—>1). (94)
i
Near infinite dilution, Henry’s law is more useful:
pi = Kini, aZH = % = yini, yZH -1 (x;—0). (9.5)
i
pi H
enry tangent

, Raoult line

’ -

P - real solution

Xi

Reocow Ly acnd Hewny aabivities desanibe the saame ahvemot-
acc L potentio L with differemt nefesemae skates Theww n-
oesiacc L ccakiviby aoedfiaiemts moest wok be moized 1 owe
eq ko nithowt comventing the staendand stote.

9.3 Gibbs-Duhem constrains activities

At fixed T, p in a binary phase,

xadua +xpdug = 0. (9.6)
Since dy; = RT dIna; at fixed T, p,
‘xAdlnaA+delnaB:0.‘ 9.7)
Using a; = x;y; and x4 + xp = 1 gives
(xadlnys+xpdlnys =0.| (9.8)

Thus independently fitted activity coefficients must satisfy Gibbs—-Duhem. Agreement with vapour-
pressure data alone does not excuse a thermodynamically inconsistent pair.

9.4 Excess properties measure departure from ideality

An excess property compares the real solution with an ideal solution at the same T, p and compo-
sition:
zE =z, - 274 9.9)

For Gibbs free energy,

G =RT ) xilny;. (9.10)
i
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The partial molar excess Gibbs energy is

—E

G, =RTInvy;. (9.11)
A positive GE raises the real-solution free energy above the ideal curve; a negative value lowers it.
Stability still depends on the curvature of the complete G, not on the sign of G alone.

9.4.1 Regular-solution chemical potentials and activities

For
Gm = xAG;‘ + XBG*B + RT(xA Inxa + xp lan) + Qxaxp, (9.12)

the tangent-intercept relations give

ta =Gy +RTInxu + Qxp, (9.13)
up = Gy + RT Inxg + Qx3. (9.14)

Therefore, with pure-component Raoult standards,

1 Qx% 1 Qxi 9.15
nVA—ﬁ/ HVB—ﬁ- (9.15)

These expressions automatically satisfy Gibbs-Duhem. They also show why 74 depends most
strongly on the amount of the other component.

The derivation can be read directly through partial molar excess quantities. Since
GE = Qxaxp, (9.16)
the binary tangent-intercept formulas give
Ga=Qx2,  Gy=0Qx2 9.17)

—E
Using G; = RT In y; produces the activity-coefficient expressions above.

Q > 0: positive deviation
with correct pure-component limits

In Vi

Inyp Inya

XB

The endpoint checks are
ya—1 (xa—1), yp—1 (xpg—1). (9.18)

Differentiating also verifies
xadlnys+xpdlnyp =0. (9.19)
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9.4.2 Multicomponent pairwise regular solution

A common n-component extension uses constant binary interaction parameters:

GE = ZQ,‘]'XZ'X]'. (9.20)

i<j

Applying the multicomponent partial-molar formulas gives

)

—E G;

G, = Z Qijxj — GEM Iny; = R_% (9:21)
JE)

—E _E
For a binary solution this reduces to G4 = Qapx} and Gp = Qapx5.

Pocinnise bimony pasomoetens ane oo moode L eworae, ot o
genena L theowem. Rea L mw Lircomponent soLwtions
ooy weg e aompositiomn-dependent imtesnccations cend
exp Lot besrwany o Wighes-ondesn tesmos

9.5 Boiling-point elevation as chemical-potential equality

Let A be a volatile solvent and B a nonvolatile solute. At the boiling point of the solution,
Wi (Ty, xa) = s (To, p). (9.22)
For an ideal liquid at the same external pressure as the pure-solvent boiling point T,
uL(Ty) + RTy Inxa = uX(Ty, p). (9.23)

Combining this with pure-solvent equilibrium and integrating the Gibbs—-Helmholtz relation gives,
for approximately constant AH;p A,

AHva A 1 1
Inxy = ———epA [ Z 2 24
XA R (T; Tb) (9.24)

For a dilute solution, Inx4 ~ —xg and AT, = T}, — T, is small:

ATy ~ —2 xp. (9.25)

The elevation follows because mixing lowers the solvent chemical potential in the liquid while the
vapour reference at fixed pressure is unchanged.

9.6 Quasichemical bond counting

Consider a binary substitutional alloy on a lattice with coordination number z. Let the energies of
nearest-neighbour bonds be €44, ¢pp and €4p. Replacing one AA bond and one BB bond by two
AB bonds changes the energy by

Aépair = 26AB — €AA — €BB- (9.26)
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Define the molar interaction parameter

ot
Q= zN, (SAB_W)' (9.27)
Under random mixing, the expected bond fractions are xi, 2xaxp and x%, giving
AHDX = Qx 5 xp. (9.28)
e © ¢ ¢ 6 o o o count bonds
then average
® © o 0 0 0 o0 o
over arrangements
® © o o o © o o AB bond
e © © ¢ o o o o e—

Read the sign of Q) carefully

Q) > 0 means unlike AB bonds are energetically less favourable than the average of AA and
BB bonds, so clustering or phase separation is favoured. ) < 0 favours unlike neighbours.
The one-sublattice random-alloy approximation cannot describe long-range order, but it can
be extended by resolving crystallographically distinct sublattices and introducing an order
parameter.

The simplest regular-solution model combines this enthalpy with the random configurational en-

tropy: .
AG™ = RT(xalnxs + xplnxp) + Qxaxp. (9.29)

Week 10 asks when the curvature of this function produces one stable phase, metastability or spon-
taneous decomposition.

9.6.1 Assumptions hidden inside the rigid-lattice model

The bond-counting result is not assumption-free. The simplest version assumes:

1. a fixed number of lattice sites and one atom per site;
. equal site volumes or negligible volume change on mixing;

. composition-independent nearest-neighbour bond energies;

2

3

4. no change of lattice parameter, coordination or local relaxation;
5. random occupation unless sublattice variables are introduced;
6

. configurational entropy as the only non-ideal entropy contribution.
Real alloys may have size mismatch, elastic strain, magnetic contributions, vacancies, composition-

dependent interactions and different vibrational spectra. These effects can be incorporated, but
they are absent from the elementary regular-solution expression.
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9.6.2 Configurational and vibrational entropy are different

The combinatorial term counts atomic arrangements on sites. Vibrational entropy comes from the
spectrum of lattice vibrations. In an Einstein description, a mode of frequency v has a temperature-
dependent entropy obtained from its oscillator partition function. If alloying changes bond stiff-
nesses or frequencies, then

ASIX = Ageont L AGVID 4L (9.30)

The regular-solution approximation usually retains only ASS™. This is a modeling choice, not a
thermodynamic identity.

9.7 A two-sublattice regular-solution model for B2 ordering

A bcc lattice is equivalently two interpenetrating simple-cubic sublattices: corner sites @ and body-
centre sites f. In disordered bcc, A and B occupy both sublattices with the same probabilities. In
equiatomic ordered B2, A preferentially occupies one sublattice and B the other.

jmiy o

disordered bcc ordered B2
L=0 L=1

For an equiatomic alloy, define the long-range order parameter L through the sublattice site frac-
tions

1+L 1-L
ﬁ=ﬁ=jr, %=ﬁ=jr. (9.31)

The total composition remains x4 = xp = 1/2 for every L. The parameter changes where the atoms
sit, not how many A and B atoms exist.

9.7.1 Nearest-neighbour bond fractions

Every nearest-neighbour bond in bec joins an a site to a § site. Assuming independent occupation
within each sublattice,

1-12
Pan =Syl = Y (9.32)
1-12
Pos = Yy = —— (9.33)
1412
Pap = yjyg + ygyi =— (9.34)

These probabilities add to one. If a mole of lattice sites has zNA /2 bonds, then

zN zN
Naa = Npp = TA(l ~L?), Nap = TA(l +L%). (9.35)
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9.7.2 Enthalpy and configurational entropy

Relative to separated pure A and B in the same lattice, the equiatomic mixing enthalpy becomes

AH™X(L) = %(1 +12%). (9.36)

At L = 0 this recovers the random regular-solution value /4. When Q < 0, increasing L creates
more favourable AB bonds and lowers the enthalpy.

Each sublattice contains half the sites. Its ideal site-mixing entropy gives

1+L 1+L 1-L 1-L
conf _
AS;M(L) = -R 5 In 5t In 5 ] (9.37)
Thus AS$™(0) = R1In2 and AS™ (1) = 0.
The ordering free energy is therefore
1+L. 1+L 1-L_. 1-L
AG (L) = %(1 +12) +RT ; In ; + =l — ] . (9.38)

9.7.3 Equilibrium order parameter

Atfixed T, p, x4 = xg = 1/2, minimize with respect to the internal variable L:

JAG,, QL RT_ 1+L
S R R e A R

Equivalently,

2RT

L = tanh (— QL ) . (9.40)

For Q) < 0, a nonzero solution appears below the mean-field transition temperature

Q

5% (9.41)

Tora =

What the order parameter adds

Composition xp distinguishes A-rich from B-rich material. The long-range order parameter
L distinguishes two arrangements at the same composition. A phase-field or thermodynamic
model of B2 ordering therefore needs both kinds of variables when composition and ordering
can evolve independently.

9.8 A calculation checklist for activities

1. State the phase, temperature, pressure and composition scale.
2. State the standard state: Raoult, Henry, gas at p°, or another declared reference.
3. Write y; = u7 + RT In a; before introducing y;.

4. Use a; = y;x; only for the selected composition convention.
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Check the correct limiting behaviour: yi* — 1asx; — 1or y;' = las x; — 0.
Test Gibbs—Duhem for every fitted pair of activities.

Reconstruct GE = RT ¥ x; In y; and inspect its magnitude and curvature.

® N o O

Distinguish an activity measurement from the model used to interpret its composition depen-
dence.

9.9 Worked examples

9.9.1 Activity and activity coefficient from vapour pressure

Problem. At a fixed temperature, pure A has vapour pressure p’, = 80.0kPa. Above a liquid with
xa = 0.60, the measured partial pressure is py = 42.0kPa. Find the Raoult activity and activity
coefficient of A.

Step 1: use the declared Raoult standard.

R pA 42.0
= = —— =(.525. 9.42
AT T R00 642
Step 2: separate activity from composition.
4y 0525
PR = x—A = S0 = 0875] (9.43)
A .

The negative deviation from Raoult’s law means A has a lower escaping tendency than an ideal
solution of the same composition.

9.9.2 Recover the other activity coefficient by Gibbs—Duhem

Problem. A binary solution obeys
Inyp = Ax2, (9.44)

where A is constant at the selected T, p. Determine In y4 using Gibbs—-Duhem and the Raoult end-
pointys — lasxy — 1.

Step 1: choose xp = xso x4 = 1 — x.

Inyp = A(1 - %), % = 2A(1 - x).
Step 2: apply Gibbs-Duhem.
(1-x) dl;lx“ +x dlgx” =0, (9.45)
dlgx“ — 2Ax. (9.46)
Step 3: integrate and use the endpoint.
Inys = Ax? + C. (9.47)
At x = 0, pure A requires In y4 = 0, hence C = 0 and
Inya=Ax;, Inyp=Axj. (9.48)
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9.9.3 From bond energies to the regular-solution parameter

Problem. An alloy has z = 8 and

ean =—-0.30eV, egg=-0.20eV, ea5=-0.22eV
per bond. Find the sign and magnitude of Q per mole of atoms. Use 1eV atom™* = 96.485kJ mol L.
Step 1: compare unlike and like bonds.

+ ~0.30 — 0.20
e w = ~0.22 - == = +0.030V. (9.49)

Step 2: include the coordination number.

Q = 2(0.030)(96.485) = | 23.2kJ mol " | (9.50)

The positive value favours fewer unlike bonds and therefore a tendency to cluster. Whether macro-
scopic separation occurs also depends on the entropy and temperature.

9.9.4 Boiling-point elevation of a dilute solution

Problem. A solvent boils at T} = 400K and has AHy,p, = 32.0kJmol ™. Estimate the boiling-point
elevation for an ideal solution with nonvolatile-solute mole fraction xg = 0.020.

8.314)(400)?
AT =~ %(0.020) =[0.831K]|. (9.51)

The dilute approximation should be checked against the unexpanded logarithmic equation when
xpg is not small.

9.9.5 Activities predicted by a regular solution

Problem. At T = 1000 K, a binary regular solution has QO = 12.0kJ mol™ and x5 = 0.30. Calculate
both Raoult activity coefficients, activities, and the excess Gibbs energy.

Step 1: calculate the activity coefficients.

_ (12000)(0.30)2
A~ 7(8.314)(1000)
_(12000)(0.70)>
5~ 7(8.314)(1000)

=0.1299, ya =1.139, (9.52)

=0.7072, yp = 2.028. (9.53)

Step 2: calculate activities.

aa = (0.70)(1.139) = [0.797],  ag = (0.30)(2.028) =[0.609]. (9.54)

Activities need not sum to one.

Step 3: calculate and cross-check G~..

GE = RT[xaInya + x5 1nys] (9.55)
= (8.314)(1000)[(0.70)(0.1299) + (0.30)(0.7072)] (9.56)

=12.52kJmol ™! |. (9.57)

This equals Qx4 x5 = (12.0)(0.70)(0.30) = 2.52kJ mol .
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9.9.6 The same dilute solution in Henry and Raoult conventions

Problem. For component B, K? = 120kPa and py = 80kPa. At xg = 0.050, the measured partial
pressure is pp = 6.0 kPa. Express the activity and activity coefficient in both conventions.

Henry convention.

6.0 0.050
H H
= —— = 0. = — = ]_ . 9
Raoult convention. 6.0 0.075
R . R : -
“B =30 VB = 0.050 ©.59)

The physical vapour pressure and chemical potential are unchanged. Only the standard state, and
therefore the numerical activity, has changed.

9.10 Multiphase equilibrium and the phase rule

For P phases and C components at equilibrium,
T'=---=T" qquadp' =--- = p", qquaduy} =---=pt (i=1,...,0). (9.60)

Counting independent intensive variables and these constraints gives the Gibbs phase rule

[F=C-P+2] (9.61)

For condensed phase diagrams drawn at a fixed pressure, pressure is no longer a freedom:

[F=C-P+1] (9.62)

Thus a binary two-phase field at fixed pressure has one degree of freedom: choosing T fixes the
two equilibrium compositions. A binary three-phase equilibrium at fixed pressure has F = 0 and
is invariant.

A section through a larger diagram
A familiar T-x phase diagram is a constant-pressure section of a p—T—-x equilibrium map.

Changing pressure generally moves the phase boundaries and invariant temperatures; the
two-dimensional diagram silently holds one intensive variable fixed.

9.11 Computational laboratory

Plot p;(x;) for an ideal Raoult solution and for a smooth real-solution curve. Draw the Raoult line at
x; = 1 and the Henry tangent at x; = 0. Calculate a;, y; and GE, then verify Gibbs—-Duhem numer-
ically. Change Q)/(RT) and observe how energetic preference competes with ideal configurational
entropy.

9.12 Week 9 learning map
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Five essential ideas

Activity carries chemical potential. Its value requires a standard state. Raoult and Henry
conventions use different limits. Activity coefficients in one phase are coupled by Gibbs-
Duhem. Bond-energy preferences can generate excess Gibbs energy, but a random solution
model cannot describe long-range order.

Commomn mrasapmaeptiomn: Q < 0 meanws wnLike neigh-
bowsns ane docvowsed; 1t does not acwtomatiae LLY meanw
that cocn ondesed anysto L Woes been desanibed. Owdesrimng
requanes sive o swhbLatbiae im o moatiom.
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Week 10

Regular solutions, stability and binary
phase diagrams

Where we are

Week 9 connected activities to atomic interactions. We now ask whether a homogeneous
solution is stable and how competing free-energy curves generate a phase diagram:

Gm(x,T) — curvature — binodal and spinodal — phase fractions and transformations.

10.1 The symmetric regular solution

For x = xp and x4 = 1 — x, the free energy of mixing is

AGEX = RT[(1 - x)In(1 — x) + x In x] + Qx(1 — x). (10.1)

The first term always favours mixing. A positive () penalizes unlike neighbours and may overcome
entropy at low temperature. A negative () lowers the random-solution energy but still does not
introduce a long-range ordering variable.

AGy, AGy,
energy competes
with entropy
XB XB
\_/ N~—
entropy

10.2 Local stability and the spinodal

A homogeneous phase is locally stable against an infinitesimal composition fluctuation when

2
(a G’") > 0. (10.2)
Tp

Jx2
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For the symmetric regular solution,

PAGHIx
Jx2

=RT(1+ !
x 1l-x

The spinodal is the locus where this curvature vanishes:

1 [ 2RT
X;pzilli 1—?

It exists only for T < T;, with

Spinodal is a local criterion

)—QQ.

(10.3)

(10.4)

(10.5)

Inside the spinodal, arbitrarily small long-wavelength fluctuations lower the homogeneous
free energy. Between the spinodal and binodal, the homogeneous phase is metastable: sepa-
ration lowers the global free energy, but a finite fluctuation and an interface are needed.

10.3 Binodal from the common tangent

Two compositions x, and xp coexist when both component chemical potentials are equal. Geomet-

rically, one line must be tangent to G,,(x) at both compositions:

Gm(xp) — Gu(xa)

G(xa) = G;n(xﬁ) = Xp—x
a

common tangent

(10.6)

For the symmetric regular solution, xs = 1 — x, and the common-tangent condition reduces to

Xa Q
+==(1-2x,) =0.
—x. TR 2

In

This transcendental equation is solved numerically at each temperature.
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10.3.1 Why parallel tangents are insufficient

Equal tangent slopes impose only

up = = g — .

(10.8)

This is one difference equality. It does not separately guarantee pf = ‘ui and uy = ‘ué. The same
tangent line, including the same intercepts on both component axes, supplies both equalities.

Gﬂl

Gm

/

/

common tangent: sufficient

XB

XB

parallel tangents: insufficient

10.4 From free-energy curves to a phase diagram

At every temperature:

1.

A R L

construct the free energy of every candidate phase over its composition range;

find the lower convex envelope of all curves;

retain single-phase portions that lie on the envelope;

locate common tangencies between two curves or two parts of one curve;

record the touching compositions as phase-boundary points;

repeat in temperature and join the points smoothly;

check limiting temperatures, stoichiometric constraints and the phase rule.

Gﬁ(x, T) lower convex
for every phase envelope

tangency T-x
compositions phase diagram

10.4.1 Read a miscibility gap from a sequence of free-energy curves

Gn T

~_

Gm T<T,

- e

XB

one minimum

common tangent
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Above T, every overall composition is represented by one stable homogeneous minimum. Below
T¢, the common-tangent contact compositions become the two binodal points at that temperature.
Repeating the construction traces the coexistence dome. The spinodal lies inside this dome and
comes from zero local curvature rather than from the tangent.

10.5 Solid-liquid equilibrium in an ideal binary system

Equality of chemical potential for component i between ideal liquid and ideal solid gives
W+ RTInxk = 45" + RT In x5 (10.9)

Approximating the pure-component fusion enthalpy as constant,

X _ AHpus,i ( 1 1) (10.10)

One equation is written for A and another for B. Together with xi + xg) = 1, they determine the

conjugate solid and liquid compositions at each temperature.

10.5.1 Where the liquidus relation comes from
Define the pure-component fusion Gibbs energy

AGy, (T) = py™(T) = " (T). (10.11)
The Gibbs-Helmholtz equation gives

AI_I;us i
= —— (10.12)

fus,i

aT

AAG: _.JT)

p

At the pure melting point, AG} ( ;(Tyn,i) = 0. Assuming constant fusion enthalpy and integrating
from T, ; to T produces the preceding logarithmic liquid-solid composition relation. The com-
monly used liquidus equation is therefore an integrated chemical-potential equality, not an empir-
ical curve fit.

10.6 Common binary phase-diagram topologies

The topology depends on the relative free energies and composition ranges of the liquid, terminal
solids and intermediate phases.

10.6.1 Complete liquid and solid solubility
If both liquid and solid are stable over the full composition range, common tangents between G, (x)

and G, (x) generate liquidus and solidus curves. Between them, liquid and solid coexist with dif-
ferent compositions. This is the isomorphous case.
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10.6.2 Complete liquid solubility but negligible terminal solid solubility

If solid A dissolves essentially no B and solid B dissolves essentially no A, the two solid free energies
reduce to endpoint states. For ideal liquid, the two liquidus branches are

AI_Ifus A 1 1
Inxh = —=—-=], 10.13
YT TR (Tm,A T) (10.13)
AI_Ifus B 1 1
Inxk = = |l =—-=]. 10.14
BT TR (Tm,B T) (10-14)
Their intersection satisfies xf;\ + xlg = 1 and defines the ideal eutectic. At fixed pressure the eutectic

has three phases, L + A(s) + B(s),so F=2-3+1=0.

T

L
L+ A(s /KK
eutectic
A(s) + B(s)

XB

10.6.3 Limited terminal solubility

When A-rich a and B-rich g solids accept finite solute concentrations, their free-energy curves ex-
tend inward from the endpoints. Common tangencies generate solvus boundaries as well as solidus
and liquidus boundaries. The eutectic reaction becomes

L=a+p, (10.15)

with three distinct equilibrium compositions at the invariant temperature.

10.6.4 Intermediate compounds

A stoichiometric compound A, B, is represented ideally by a free-energy value at the fixed com-
position xg = n/(m + n), often drawn as a line phase in a T-x diagram. A nonstoichiometric
compound has a finite homogeneity range and therefore requires a composition-dependent free-
energy model. Ordered intermediate phases commonly require sublattice models rather than a
single random-solution curve.

Do not infer the model from the drawing alone

A narrow phase field may be a genuinely stoichiometric compound, a nonstoichiometric
phase with a small homogeneity range, or a plotting simplification. The thermodynamic
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model must state which interpretation is intended.

10.7 Free-energy atlas of binary phase diagrams

A phase diagram is a compact record of many Gibbs-free-energy diagrams. We consider a binary
condensed system at fixed pressure, so vapour is absent and pressure is not an independent variable.
At every temperature, draw Gh,(xp) for every possible condensed phase p and retain the lower
convex envelope. A curve segment on that envelope is a stable single phase; a straight segment
joining two tangency points is a stable two-phase mixture.

The central construction rule
At fixed T and p, phases p and g coexist when
p_ 4 p_ 4
Hag = Hyr Hp = Hp-
On a binary G,,—xp diagram, one line must therefore be tangent to both curves. At an invari-

ant temperature three phases coexist, so the same line touches all three relevant free-energy
curves at their three equilibrium compositions.

10.7.1 Begin with the phase free energies, not a remembered diagram
For each liquid or solid phase p,

Gh (x5, T) = xaGH(T) + x5GE(T) + AGY, . (x5, T). (10.16)

m,mix

The first two terms form the straight reference-state line between pure A and pure B in phase p.
The mixing term bends that line. The relative vertical positions of liquid and solid reference states
change with temperature through the fusion free energies,

AGrus,i(T) = G;(T) = G} (T), (10.17)

which changes sign at T, ;.

Gm

XB

What temperature changes
Changing temperature does more than change the depth of an ideal-mixing curve. It changes

the pure-component reference-state free energies and may change the mixing free energy
differently in each phase. Those movements decide which curve enters the lower envelope
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and where common tangencies occur.

10.7.2 The method used to build a condensed binary diagram

1. List all possible condensed phases: L, terminal solutions a and f, and any intermediate
phases.

Write every Gh (x5, T) using the same elemental reference states.
Select one temperature and draw all curves on the same G,, scale.
Replace non-convex portions by their lower convex envelope. Mark every tangent point.

Repeat at a nearby temperature. The tangent points move with temperature.

AL

Plot each tangent-point composition at its temperature. Their loci are liquidus, solidus, solvus
or liquid-miscibility boundaries.

7. At atemperature where one tangent touches three equilibrium compositions, draw the invari-

ant horizontal in the T-xp diagram.

10.7.3 A four-temperature construction: the eutectic as an example

The following sequence should be read from left to right. It is schematic, but every displayed in-
variant tangent is an actual tangent to the curves shown.

Gm Gm Gnl Gm
high T: Te < T < Thy: T =T: T < Tg:
liquid envelope a+Land L+p three-phase tangent a + f envelope
XB XB XB XB

Reading the sequence gives the diagram rather than assuming it. The liquidus records the liquid
tangent compositions; the solidus records the solid tangent compositions; the common three-phase
temperature becomes the eutectic horizontal.

Stable, metastable and unstable extensions

Only the lower convex envelope is globally stable. A locally convex curve lying above that en-
velope is metastable. A portion with 9°G,, /dx3 < 0is locally unstable. Phase-boundary lines
may be extended as useful metastable constructions, but those extensions must be drawn dif-
ferently and labelled.

10.7.4 Miscibility gap: one phase curve becomes non-convex

Above the critical temperature the free energy of phase « is convex. Below it, one common tangent
touches the same curve twice and selects the compositions of a; and as.
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GU( GH

T>T, T < T,

X1 X2

XB

XB

XB

The binodal is obtained from global common tangency. The spinodal is obtained from local curva-
ture, d°G/dx} = 0. The solid lines in the T—x diagram are binodals; the dashed inner curves are
spinodals.

10.7.5 Eutectic: one liquid becomes two solids
Compare G, G* and GP as temperature is lowered. Above the liquidus, liquid is on the lower

envelope. Inan L + a or L + f field, a tangent connects the liquid and one solid. At T, one line
touches all three curves. Below Tg, the a—f tangent is the stable envelope.

T

three-phase tangent at Tg

Gll’

XB XB

Thus the invariant reaction on cooling is

10.7.6 Peritectic: a liquid and a solid form another solid

At Tp, one tangent touches G* at le) , G% at xF and GPF at xg . Immediately below Tp, f moves onto
the lower envelope:
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The product often forms between liquid and «, so diffusion through the § layer may prevent com-
plete equilibrium in an experiment.

three-phase tangent at Tp

G« Gt GP

<

XB

XB

10.7.7 Monotectic: liquid demixing meets a solid

A monotectic requires a liquid miscibility gap. The non-convex G' permits two liquids, L; and L.
At Ty, one line touches G twice and G* once:

Gi’l’l

N

L1 — a+ L.

two liquid points and one solid point

Gt!

a+ Lo

¢

XB XB

10.7.8 A unified invariant-reaction table

Name Reaction on cooling Free-energy interpretation at the invariant tempera-
ture

Eutectic L—oa+p one tangent touches one liquid and two solid curves

Peritectic L+a—p one tangent touches the liquid, reactant-solid and
product-solid curves

Monotectic L1 > a+Ls one tangent touches a non-convex liquid curve twice
and a solid curve once

Syntectic Li+Ly—«a the same three-phase tangency, with the solid stable be-
low the invariant temperature

Eutectoid y—=a+f solid-state analogue of a eutectic: three solid curves
share one tangent

Peritectoid a+p—vy solid-state analogue of a peritectic
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The arrow requires temperatures above and below

The common tangent establishes three-phase equilibrium exactly at the invariant tempera-
ture. The direction written on cooling is determined by which curve moves onto the lower
convex envelope immediately below that temperature. A single tangency drawing does not
determine the reaction arrow.

10.7.9 Worked example: amounts after a monotectic reaction

Suppose an alloy has xg = 0.30. At Ty, the common tangent gives xz = 0.05 and xéQ = 0.80. After
the monotectic reaction reaches equilibrium,

Lo 0

xg? =Xy 0.80-0.30
= = = 0.667,
fa xkz —xa — 0.80-0.05
x0 — x4
fio = — =0.333,
Yp ~ X

The tangent supplies equilibrium compositions; the lever rule supplies amounts.

10.7.10 Construction recipe from a thermodynamic model

1. Write G}, (xp, T) for every candidate phase using consistent reference states.
At a chosen T, calculate every curve on the same vertical scale.
Retain single-phase intervals on the lower convex envelope.

Solve pairwise common-tangent equations for two-phase endpoints.

AR T N

Locate temperatures at which one tangent touches three curves, or one curve twice and an-
other once.

6. Repeat over temperature and join the endpoints to form liquidus, solidus, solvus and miscibility-
gap boundaries.

7. Label the stable fields first; then name the invariant reactions.

10.8 Phase amounts: the lever rule

For an overall composition x( lying between x, and xg,

_Xp—Xo X0 — X

fo= fp = fa+fz=1. (10.18)

xXg—Xa' xXg—Xa'

The lever rule follows from material balance. It does not determine the equilibrium compositions;
those come from chemical-potential equality or the common tangent.

72



Thermodynamics and Kinetics of Materials Saswata Bhattacharyya

10.9 Ordering, clustering and phase separation

Concept Required description Diagnostic

Clustering tendency Preference for like neighbours; may be Positive mixing enthalpy and enhanced
represented by QO > 0 like-pair probability

Macroscopic phase sep- Non-convex total free energy plus Common tangentand two distinct equi-

aration global equilibrium construction librium compositions

Long-range ordering Distinct sublattices or site-occupancy Unequal sublattice occupancies and an
order parameter order—disorder transition

A weeavdom he%u,l/awv so ko acenw \oﬂuaoua% al/u,s’cew'm«/aa
cnd \o‘/\/&/SQ sepocsackioms. TE accmwwot estecb Lash Low%%ww%e
osdesn beaocwse oo LA Lokbice sites ane tneated os equiva-
Lot

10.10 Order—disorder transition in the B2 sublattice model

Week 9 derived the equiatomic two-sublattice free energy G,,(L). Its curvature at the disordered
state is

*Gp Q

——| == +RT. 10.19

a2 |, 2 (1019)

For Q) < 0, the disordered state changes stability when this curvature vanishes:

Q

Tora = _ﬁ- (10.20)

T > Tora T < Tord
disorderéd;minimum two symmetry-relatgd ordered minima

The two minima +L and —L correspond to interchanging which species prefers the a sublattice.
They are distinct antiphase variants of the same B2 ordered phase. An antiphase boundary sepa-
rates regions with opposite signs of L.

10.10.1 Ordering is not phase separation

For Q > 0, the important instability is often in composition space: the curvature 9°G,,/dx; can
become negative and drive decomposition into A-rich and B-rich phases. For (O < 0 in the two-
sublattice model, the instability can instead be in ordering space: 9°G,/dL? becomes negative at
L = 0 while the overall composition remains equiatomic.
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Question Phase separation B2 ordering

Variable that changes Composition xp Sublattice order L

Conserved? Yes for a closed substitutional alloy No; atoms exchange sublattice prefer-
ence locally while total composition is
fixed

Typical energetic sign Q > 0 favours like neighbours Q < 0 favours unlike a—f neighbours

Equilibrium signature Common tangent between different Minimum of G,,(L) at nonzero L

compositions

Microstructural object A-rich and B-rich domains Ordered variants and antiphase

boundaries

10.10.2 Worked ordering calculation

Problem. An equiatomic B2 model has Q = —20.0kJ mol™!. Find the mean-field ordering temper-
ature. At T = 800K, solve
QL
L = tanh (— )

2RT
approximately.

Step 1: transition temperature.
2
Tord = % = 1203K . (1021)

Step 2: form the dimensionless interaction.

Q20000
2RT  2(8.314)(800)

= 1.5035. (10.22)

Step 3: fixed-point iteration. Starting with Ly = 0.8,

L; = tanh(1.5035L¢) = 0.835, L2 =0.850, L3 = 0.856,

Leq = 0.859. (10.23)

and continued iteration gives

Step 4: interpret site occupancies.

141
ye =yh = % =0.9295,  y% =y’ =0.0705. (10.24)

The alloy remains 50-50 overall, but approximately 93% of each sublattice is occupied by its pre-
ferred species.

10.11 Worked examples

10.11.1 Critical temperature, spinodal and binodal

Problem. A symmetric regular solution has QO = 20.0kJ mol™l. At T = 800K, find the critical
temperature and spinodal compositions. Then determine the binodal compositions numerically.

Step 1: critical point.

Q 20000
T.=—= =|1203K | 10.25

Since 800 < T, a miscibility gap exists.
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Step 2: spinodal.

2(8.314)(800)
[1 + \/ L= =05 ] (10.26)

=|0.211 and 0.789]. (10.27)

Step 3: binodal equation. For the A-rich composition x, < 1/2,

Xq 20000
T R314)(300)

f(xa) = (1-2x4)=0. (10.28)

Bisection or Newton iteration gives x, = 0.0701. By symmetry,

‘xa =0.0701,  xp= 0.9299.\ (10.29)

The binodal encloses the spinodal. Compositions between 0.211 and 0.789 are unstable; the remain-
ing portions inside the binodal are metastable.

10.11.2 Lever-rule phase fractions

Problem. At a selected temperature, x, = 0.20 and xg = 0.80. A specimen has x¢ = 0.35. Find the
equilibrium phase fractions.

0.80 —0.35
fa = m =10.75 / (1030)
0.35-10.20

Check: (0.75)(0.20) + (0.25)(0.80) = 0.35.

10.11.3 Melting-point depression of a dilute ideal solution

Problem. Component A melts at T,, 4 = 1000 K with AHg,s,4 = 12.0kJ mol 1. At equilibrium with
nearly pure solid A, let xi ~1and xf;1 = 0.95. Estimate the liquidus temperature.

Step 1: write the ideal equilibrium relation.

12000 1 1
Step 2: solve for T.
1 1 R
— =—————1n(0.95) = 0.0010355 K1, (10.33)

T ~ 1000 12000

[T ~ 966 K|. (10.34)

The solute lowers the chemical potential of A in the liquid, so equilibrium with solid A occurs below
the pure melting point.

SO
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10.11.4 Calculate an ideal eutectic

Problem. A and B form an ideal liquid and mutually insoluble pure solids. Let
T4 =1000K, AHpgsa = 12.0kJmol™!,
Tup =800K, AHpyp =10.0kJmol™!.

Find the eutectic temperature and liquid composition.

Step 1: write both liquidus branches.

() = exp [T (05— 7] (1035)
xL(T) = exp [% (glo - %)] . (10.36)

Step 2: impose the eutectic composition constraint.
xh(Te) + x5(Te) = 1. (10.37)

Numerical bisection gives

Tr = 603.4K |, xh = 0.3873, quadx}, = 0.6127. (10.38)

Step 3: check the physics. The eutectic temperature lies below both pure melting points, and the
two liquid mole fractions add to one. At this point liquid, pure solid A and pure solid B coexist.

10.11.5 Bi—-Cd eutectic: a handbook-data example

This example follows the Type I phase-diagram exercise in Bokstein, Mendelev and Srolovitz. Within
the model, liquid Bi—-Cd obeys Raoult’s law at every composition and the solid phases are pure Bi
and pure Cd. The pure-component data are

Component Ty, (K) AHg,s (kJ mol™t)

Bi 544.5 10.88
Cd 594.2 6.40

Problem. Calculate the eutectic temperature and liquid composition predicted by these assump-
tions.

Step 1: write the Bi liquidus branch. Equilibrium between liquid Bi in the solution and pure solid
Bi gives
10880 1 1

2L (T) = exp [T (m - f)] . (10.39)

Step 2: write the Cd liquidus branch.

6400 ( 1 1)]

— =7

5942 T (1040

xéd(T) = exp [

Step 3: impose the eutectic constraint. At the intersection of the two branches, the liquid is one
binary phase, so
f(T) = x5(T) + x5, (T) -1 = 0. (10.41)

Both exponentials increase monotonically with T below their respective melting points. Bisection
is therefore straightforward:
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T (K) xgi xé d f(T)
400 0.420 0.533 —0.047
410 0.455 0.559 +0.013

407.81 0.44684 0.55316 approximately 0

Hence

Tp = 407.81 K|, x5, = 0.44684, xg, = 0.55316. (10.42)

Step 4: interpret and check. The predicted eutectic temperature lies below both pure melting
points, the two liquid mole fractions sum to one, and three phases coexist:

L(xcq = 0.55316) + Bi(s) + Cd(s).
At fixed pressure this is invariant because F=C -P +1=2-3+1=0.

Model result versus assessed diagram

This calculation demonstrates how pure-component fusion data and an ideal-liquid model
generate a eutectic without drawing it by hand. Its numerical result belongs to the assump-
tions of the textbook exercise. Comparison with an assessed experimental Bi-Cd diagram
tests the adequacy of Raoult behaviour, negligible solid solubility and constant fusion en-
thalpies.

10.11.6 Cooling a hypoeutectic Bi-Cd alloy

Problem. Use the idealized Bi—-Cd diagram just calculated. An alloy has overall composition xcq =
0.300, on the Bi-rich side of the eutectic xé q = 0.55316. Immediately above Tk, approximate the
solid as pure Bi and the liquid as the eutectic liquid. Find the phase fractions and describe the
cooling curve.

Step 1: apply the lever rule immediately above Tg.
X0 — XBi(s) 0.300-10
= = =10.542|, 10.43
== Xpis)  0.55316— 0 (1043)
fis) = 1 — fr =]0.458|. (10.44)

Step 2: follow the transformations.

1. Above the liquidus, the alloy is entirely liquid and cools without a phase transformation.

2. At the liquidus, primary Bi begins to crystallize. Latent heat reduces the cooling-curve slope,
while the remaining liquid becomes richer in Cd and moves along the liquidus toward xé d4-

3. At Tg, the remaining fraction f; = 0.542 transforms isothermally into Bi(s)+Cd(s). The ideal
equilibrium cooling curve therefore shows a horizontal eutectic arrest.

4. Below Tg, the fully solid two-phase mixture cools again, generally with a different slope be-
cause its heat capacity and thermal transport differ from those of the liquid-containing state.
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+ Bi(s)

eutectic arrest
Tg F-----------------2

Cd(s)

time

What a cooling curve measures

The discontinuity in slope or an isothermal arrest is an experimental thermal signature. A
family of cooling curves at known compositions can locate liquidus and invariant tempera-
tures, but identifying equilibrium boundaries also requires control of undercooling, transfor-
mation kinetics and heat-extraction conditions.

10.12 Computational laboratory

For several values of Q/(RT), plot AGI™, its first derivative and its second derivative. Locate spin-
odals from zero curvature and binodals from a numerical common-tangent calculation. Assemble
the results into a T—x miscibility-gap diagram. Add an overall composition and verify the lever-rule
reconstruction. Finally compare a common-tangent solver with a deliberately incorrect parallel-
slope test.

10.13 Phase-diagram construction checklist

1. List every candidate phase and its valid composition range.

. Use one common reference for all Gibbs-energy functions.

. Check endpoint values, slopes, units and temperature dependence.

. Construct the lower convex envelope, not merely the lowest value at isolated grid points.
. Require a common tangent for two-phase equilibrium.

. Distinguish binodal, spinodal and metastable regions.

. Use the phase rule to check degrees of freedom.

o NN o U o W

. Apply the lever rule only after equilibrium compositions are known.
9. Treat stoichiometric compounds and sublattice-ordered phases with appropriate models.

10. Verify limiting cases and compare calculated invariant points with independent data.
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10.14 Week 10 learning map

Five essential ideas

Entropy stabilizes mixing at high temperature. Curvature determines local stability. Com-
mon tangents determine global equilibrium. Spinodal and binodal are different boundaries.
A phase diagram is a compact record of competing Gibbs-energy surfaces, not a picture
drawn independently of them.

Commomn misaonaepbion: equec L sLopes ot tro poimits do wok
estab Lish equiLiabrieo. The seeme b gemnt moest vowaly
both fnee-emenyy awnves so thvact both component evemraa L
potentioc Ls ane equa L.
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Week 11

Experimental phase diagrams and
reacting systems

Where we are

Weeks 8-10 built solution free energies and obtained phase boundaries by minimizing Gibbs
energy. We now reverse the direction of reasoning:

measured signal — phase boundary or reaction state — thermodynamic interpretation.

The first half of this week asks how a phase diagram is actually determined. The second
half extends equilibrium thermodynamics to systems in which chemical reactions change
the amounts of the species.

11.1 A phase diagram is assembled from experiments

A phase diagram is not read directly from a single cooling curve. It is a synthesis of complementary
observations made on alloys of known overall composition after controlled thermal histories. Each
method answers a different question.

record thermal,

prepare alloys heat, cool structural and identify
of known xp or anneal T phase fields
refi mposition and tempera grid
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Method

Observable

What it establishes

Cooling or heating
curve

DSC/DTA

X-ray diffraction
Microscopy

Microanalysis

Diffusion couple

arrest or change of slope in T(t)

heat-flow peak or temperature differ-
ence

peaks, intensities and lattice parame-
ters

morphology and contrast

composition inside each phase

composition and phase sequence af-
ter annealing

temperature at which latent heat is re-
leased or absorbed

transition temperatures and transfor-
mation enthalpy

phase identity, crystal structure and
sometimes phase fraction

number and spatial arrangement of
phases

tie-line endpoints and solubility lim-
its

phases and diffusion paths across a
composition range

Equilibrium must be approached, not assumed

An observed boundary is an equilibrium boundary only if the specimen has had enough
time to equilibrate and the result is independent of the path within experimental uncertainty.
Heating and cooling arrests can differ because of undercooling, overheating, sluggish diffu-
sion or nucleation barriers.

11.2 Cooling curves and thermal analysis

For a specimen losing heat to its surroundings, a single-phase region normally cools continuously.
A transformation releases latent heat and slows the temperature change. An invariant reaction can
produce an arrest because the phase rule fixes the equilibrium temperature at fixed pressure.

T

latent heat gives

aryest or shoulder

thermal arrests from many alloys

time

11.2.1 How to extract a boundary

XB

1. Calibrate the thermocouple or calorimeter and state the heating or cooling rate.

L

equilibrium temperature.
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5. Confirm the phases by diffraction or microscopy. A thermal event alone does not identify the
products.

11.2.2 Worked example: latent heat from a cooling arrest

A 20 g alloy has an effective heat capacity of 0.50 J g"'K™1. Away from a transformation it cools at
5.0 Kmin™. During an arrest lasting 2.0 min, assume the same average heat-loss rate that would
otherwise cool the specimen.

The heat-loss rate is _
Q = (20)(0.50)(5.0) = 50 Jmin .

The released latent heat is therefore approximately
Qi = QAL = (50)(2.0) = 1007, AHy = 5.0J g%

This estimate requires a baseline correction in a real experiment because heat loss and heat capacity
vary with temperature.

11.3 Structure and composition complete the diagram

Thermal analysis locates events; diffraction and chemical analysis determine what phases are present
and where the tie-line endpoints lie.

11.3.1 Lattice parameter as a solubility indicator

In a substitutional solid solution, Vegard’s law is often a useful first approximation:
a(xp) = (1 - xp)aa + xpag. (11.1)

If the measured lattice parameter stops changing as more solute is added, the matrix composition
may have reached a solubility limit while a second phase grows. Vegard’s law is empirical; ordering,
elastic strain and non-ideal bonding can produce curvature.

11.3.2 Worked example: identify a solvus composition

At 700K, a matrix has a4 = 0.3600nm and a dilute Vegard slope da/dxg = 0.0400 nm. Samples
with overall xp = 0.08, 0.12 and 0.20 all show the same matrix lattice parameter 0.3640 nm, while
the amount of a second phase increases.

o 0.3640 — 0.3600
B~ 0.0400

The repeated matrix lattice parameter indicates that the @ phase remains at about 10% B; added B
changes the phase fraction rather than the equilibrium matrix composition.

= 0.10.

11.4 Recognizing invariant reactions

At constant pressure a binary system has
F=C-P+1=3-P.

Three coexisting phases give F = 0, so an invariant reaction occurs at a fixed temperature and fixed
phase compositions.
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T T

a+p

XB XB

Eutectic (left) and peritectic (right). The topology and phase labels, rather than the visual shape alone,
identify the reaction.

A diagram gives equilibrium amounts, not morphology

The lever rule gives phase fractions after equilibrium has been reached. It does not predict
lamellar spacing, particle size, dendrite morphology or the time needed to transform. Those
require kinetics and interfacial physics.

11.5 Reacting systems: species, components and reactions

A species is a chemically distinguishable entity. A component is one member of a smallest inde-
pendent set needed to describe all phase compositions. If S species participate in R independent
reactions, then

C=$-R, |F=S-P-R+2=C-P+2] (11.2)

The number R is the rank of the stoichiometric reaction set. Writing more equations does not create
more independent reactions.

11.5.1 Example: calcium carbonate decomposition

For
CaCOs(s) = CaO(s) + COa(g),

S§=3,R=1and P = 3,s0 F = 1. Specifying the temperature fixes the equilibrium pco,; alterna-
tively, specifying the pressure fixes the decomposition temperature.

11.5.2 Example: carbon-oxygen system

With species C, Oz, CO and COs, the elements C and O form a component basis, so C = 2 and
R =S5 - C = 2. A possible independent pair is

2C+ O = 2C0, 2C0O + Og2 = 2COq.

The reaction C + CO2 = 2CO is a linear combination and must not be counted again.
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11.6 Extent of reaction and material balances

For one reaction, assign stoichiometric coefficients v; < 0 to reactants and v; > 0 to products. The

extent ¢ is defined by
dN; = v;d¢, N; = Nig +vié.

For m independent reactions,
m
N;i=Nio+ Z Virér.
r=1

The admissible range of every &, is constrained by N; > 0.

11.6.1 Worked example: ammonia synthesis
For N5 + 3Hy = 2NHj;, start with 1.00 mol Ny and 3.00 mol Hs:
Nn, =1-¢&,quadNp, = 3 -3¢, quadNNn, = 28, quadNyo, = 4 — 2€.

Thus 0 < & < 1. At & = 0.40, the mole fractions are

0.60
YN, = 320 - 0.1875, quadymn, = 0.5625, quadynu, = 0.2500.

11.7 Reaction Gibbs energy, reaction quotient and equilibrium

At fixed T and p,

1

dG = )" pidN; = (Z viyi) dé = A,G dE.

Therefore

AG =) vipi = AG®+RTInQ.
i

The equilibrium condition is A,G = 0, giving

|AG°=-RTInK, Q=K.|

G
AG <O AG > 0:
forward reaction reverse reaction
1 g
Eeq

Do not compare Q and K backwards

(11.3)

(11.4)

(11.5)

(11.6)

(11.7)

If Q < K, then A,G = RTIn(Q/K) < 0 and the forward reaction lowers G. If Q > K, the

reverse reaction lowers G.

84



Thermodynamics and Kinetics of Materials Saswata Bhattacharyya

11.7.1 Worked example: direction of reaction

For A(g) + B(g) = 2C(g), let K = 25 and the partial pressures, divided by the standard pressure, be
as = 0.40, ag = 0.20, ac = 0.50. Then

2
a 0.25
C
= =——=23.125 < K.
Q apap 0.08

At 1000 K,
A,G = RT In(Q/K) = (8.314)(1000) In(3.125/25) = —17.3kJ mol .

The forward reaction is spontaneous at that composition.

11.8 Temperature, pressure and equilibrium

Differentiating A,G° = —RT In K gives the van't Hoff equation

dlnK  AH°
T - RIZ (11.8)
If A,H® is approximately constant,
Ko AHO (11
In—=- — = 11.9
Ky R (Tg Tl) (11.9)

11.8.1 Worked example: an exothermic reaction

An exothermic reaction has A, H° = —80kJ mol™! and K; = 100 at 700 K. Estimate K5 at 800 K:

"T00 T T 8314

| Ko —80000( 1 1 )
800 700

=-1.718,

so Ky ~ 17.9. Heating reduces the equilibrium constant of an exothermic reaction.

For an ideal-gas reaction, increasing total pressure favours the side with fewer gas molecules only
when the composition can respond and Avg,s # 0. This statement follows from the pressure depen-
dence of Q); it is not an independent rule.

11.9 Heterogeneous reactions and Ellingham diagrams

For pure condensed phases their activities are unity. In the oxidation reaction

2M(s) + Oa(g) = 2MO(s),

1 o PO,
= , AG =A,G°=RTIn .
O vl T °
At equilibrium,
eq
p A, G°
p?f = ( 1%? ) (11.10)

An Ellingham diagram plots A,G°(T) ~ A,H® — TA,S°. Its slope is approximately —A,S°; a change
of slope signals a phase transformation or a change in stoichiometry.
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11.9.1 Normalize every oxidation reaction consistently

Ellingham lines must be compared for reactions consuming the same amount of oxygen. For an
oxide M, Oy, write the reaction per mole of O,:

Q?xM +0y = %Mxoy. (11.11)

The vertical axis is then A, G° per mole of O2. Comparing unnormalized reactions can reverse an
apparent stability ranking.

At a reference temperature Ty,

T
AH°(T) = AyH(Tp) +/ AC; dT, (11.12)
To
T AC;
A,S°(T) = A, S°(Ty) +/ — dT, (11.13)
To T
A, G°(T) = AH°(T) = TA,S°(T). (11.14)

If AC;,’ is neglected over a limited range, the Ellingham line is approximately straight:

intercept ~ A, H®, slope = —A,S°. (11.15)

Most metal-oxidation reactions consume one mole of gas and produce condensed oxide. Their reac-
tion entropy is therefore usually negative and their Ellingham lines usually slope upward. Similar
loss of gaseous entropy gives many oxide lines similar slopes.

11.9.2 Why lines kink but Gibbs energy remains continuous

When the metal or oxide melts, boils or changes crystal structure, its entropy changes. The reaction
entropy and therefore the slope —A,S° change. The two line segments meet continuously at the
transformation temperature because the two forms of that substance have equal Gibbs energy at
their equilibrium transformation.

A,G° per mol Oz

phase change changes
A, S° and slope

: T

more negative A, G°

A G°

line crossing changes
relative oxide stability

/ metal 1

metal 2

|
|
|
1
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11.9.3 Read oxidation and reduction from oxygen potential

For pure metal and pure oxide, both condensed-phase activities are unity. For the oxygen-normalized
reaction,

1 o PO,
= , AyG =A;G°=RTIn : 11.16
Q o r r 5 (11.16)
Consequently,
eq
Po, A G°
e ( RT ) (11.17)

e Ifpo, > pgi, then A,G < 0 and oxidation is favoured.
e Ifpo, < p(e)qz, the reverse reaction is favoured and the oxide tends to dissociate or be reduced.

* A lower Ellingham line means a more stable oxide relative to its metal and oxygen, provided
reactions use the same oxygen normalization.

11.9.4 Why one metal can reduce another metal oxide

Suppose oxidation of A lies below oxidation of B. Subtract the B-oxidation reaction from the A-
oxidation reaction. The oxygen cancels, leaving an exchange reaction of the form

A +BO — AO +B.
Its standard free energy is the vertical separation

Ar GO

exchange

= AYGZX,A - AyGO

ox,B*

(11.18)

If the A line is lower, this difference is negative and A can reduce B oxide under standard-state
conditions. At a line crossing the exchange reaction has A,G° = 0; the preferred direction reverses
across the crossing.

11.9.5 Worked example: interpret a line crossing

Let two oxygen-normalized reactions have, in kJ mol™! of O,
ArGS, 5 = =500 +0.200T,  AGS = —420 +0.120T.
Equating the lines gives T, = 1000 K. At 800K,
ArGg, 5 =—340kJ, ArG, g = —324KkJ.

A oxidation is lower by 16 kJ mol~! of Oy, so A can reduce B oxide in their standard states. Above
1000 K, the B oxidation line is lower and the standard-state preference reverses.

11.9.6 Richardson oxygen-pressure scale

At equilibrium, A,G° = RT hn(p(e)q2 /p°). For a fixed oxygen pressure this is a straight line through
the origin with slope

Rln (pcf) . (11.19)
p

Drawing a ray from the origin through a point on an oxidation line therefore converts A,G° into

equilibrium oxygen pressure. Richardson’s nomographicscale collects these rays. Analogous scales

use pco,/pPco and pu,o0/pH, for carbon- and hydrogen-containing reducing atmospheres.

87



Thermodynamics and Kinetics of Materials Saswata Bhattacharyya

11.9.7 Non-standard condensed phases

If the metal is dissolved in an alloy or the oxide is a solution, condensed-phase activities are not
unity. For
2M + Oy = 2MO,

A/G = AG® +RTIn |
ayy(po,/p°)

2
”M—O] . (11.20)

Thus

eq 2
a o
Po, _ o (ArG ) (11.21)

p° “1%/{ RT

A standard Ellingham chart alone cannot decide a non-standard alloy/slag equilibrium; the activi-
ties must be supplied.

What an Ellingham diagram does not tell us

It predicts equilibrium driving forces and comparative stability. It does not give the reaction
rate, nucleation barrier, transport through an oxide scale, scale adhesion or whether reac-
tants can make contact. A thermodynamically possible reduction may remain experimentally
slow.

Cambridge interactive experiment

Use the University of Cambridge DoITPoMS Ellingham-diagram teaching package and in-
teractive Ellingham diagram. Select two metals together with carbon or hydrogen, move the
temperature crosshair, and record A, G°, K, png and any slope change. Then change the metal
activity and explain the shift using the non-standard reaction quotient above. The site identi-
fies the tool as educational; use assessed thermodynamic databases for quantitative process
design.

11.9.8 Worked example: equilibrium oxygen pressure
If A,G° = =400 kJ per mole of Oz at 1000 K, then

eq
pPo 400000 _48.11,
p°  (8.314)(1000)

and pqu ~ 1.28 X 1072!p°. The very low value means that the oxide is stable over a wide range of
ordinary oxygen pressures.

11.10 Numerical equilibrium for several reactions

For multiple reactions, use the extents &, as independent unknowns:

Ni=Nio+ ) vie&s,  ai=a({N},T,p),  AG+RTIQ, =0.
r

A robust calculation must enforce N; > 0, use dimensionless activities, and verify elemental bal-
ances after convergence.
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Calculation checklist

1.

AR S

11.11

List species, phases and conserved elements.

Determine the rank of the stoichiometric matrix; remove dependent reactions.
Choose independent reaction extents and write every N;(&).

Select activity models appropriate to each phase.

Solve Q, = K, subject to non-negative amounts.

Recalculate Q,/K,, element balances and phase stability.

Computational laboratory

1. Generate synthetic cooling curves for five alloy compositions. Add a latent-heat peak and
finite instrument response. Compare onset, peak and extrapolated arrest temperatures.

2. Fit a phase-boundary dataset with uncertainty bars. Test whether a smooth fit is consistent
with every datum rather than drawing a line through selected points.

3. For ammonia synthesis, solve Q(&) = K for several pressures and plot equilibrium conversion
against pressure.

4. Construct an Ellingham-style plot from tabulated A, H° and A,5°. Mark crossings and calcu-
late the corresponding equilibrium oxygen pressures.

11.12

Week 11 learning map

Five essential ideas

1.

SN

A phase diagram combines thermal, structural and compositional evidence.

Kinetic delay must be separated from an equilibrium boundary.

The reacting-system phase rule counts independent reactions, not written equations.
A,G = RT In(Q/K) gives the reaction direction at the present state.

Temperature and pressure effects follow from K(T) and the activity expression.

Can T moove dnom o expesrimenta L sigawaol, ko oo thes-
fm/od,yfv\/a/w\/ic skacktemen b withow ks Lviotr'uv\/@a the oL ssUL M b0 S
1w between !

89



Week 12

Interfaces, irreversible thermodynamics
and diffusion

Where we are

Equilibrium thermodynamics identifies stable phases and reaction states. Real transforma-
tions also create interfaces and transport heat or matter. This week completes the course
storyline:

free-energy landscape — driving force — flux or interface motion — microstructural change.

12.1 Why an interface changes equilibrium

A bulk phase has an extensive Gibbs energy. An interface adds an energy proportional to area:
G=GY+GP+yA, (12.1)

where vy is the interfacial free energy. When A/V is large, as in nanoparticles, fine precipitates or
porous materials, the interface can measurably shift equilibrium.

I
interfacigl region

<«

bulk a bulk

Gibbs dividing surface

12.2 Gibbs dividing surface and surface excess

Replace the real, diffuse interface by a mathematical dividing surface. For any extensive property
Z, o
Z°=72-2%-7F, Ty= = (12.2)
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The numerical value of a surface excess depends on the chosen dividing surface. One can choose a
particular component k to have N/ = 0; this is the Gibbs dividing surface relative to component k.

At fixed T, p and composition, the reversible work needed to create area is

G
y = (—) . (12.3)
A1, N,

For multicomponent interfaces, adsorption couples composition and interfacial energy through the
Gibbs adsorption equation. At constant T and p,

dy = - Z T; du;. (12.4)
i

Interface versus dividing surface
The physical interface has finite thickness and spatially varying structure. The Gibbs divid-
ing surface is an accounting construction that makes bulk and excess contributions precise.

Moving the construction changes individual excesses, but it does not move the physical in-
terface.

12.3 Curvature and the Laplace pressure

For a surface with principal radii Ry and Ry, mechanical equilibrium gives

Ri Ry

1 1
AP = Pinside — Poutside = Y (_ + _) . (125)

For a sphere, R; = Ry = Rand Ap = 2y/R. For a cylinder, one radius is infinite and Ap = y/R.

Pin — Pout = 2)//R
Pout  smaller sphere = larger pressure

12.3.1 Worked example: a nanoscale precipitate

Fory =0.20Jm™2 and R = 10nm,

~2(0.20)

Ap = =55 =40x 107 Pa = 40 MPa.

Capillary pressure is therefore not a small correction at nanometre length scales.

12.4 Kelvin, Gibbs-Thomson and Ostwald-Freundlich relations

At equilibrium the chemical potential must be equal across a curved interface. For an incompress-
ible condensed phase with molar volume V;,, the pressure shift changes its chemical potential by
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VinAp. Comparing a spherical particle with a planar interface gives

2yV,
u(R) - pi(e0) = L. (12.6)
For vapour pressure over a spherical droplet,
p(R)  2yVy

n p(o) - RRT" (12.7)

For a dilute solute in equilibrium with a spherical precipitate,

2yV,

Ceq(R) = Ceq(o0) exp ( = R; ) . (12.8)

Small particles have a higher surrounding equilibrium concentration. Matter can therefore diffuse
from smaller particles toward larger ones: the thermodynamic origin of Ostwald ripening.

12.4.1 Worked example: curvature-raised solubility

Lety =0.50Jm™2, Vy, = 7.0 X 107 m3mol™!, R = 5nm and T = 800 K. Then

2yVim _ 2(0.50)(7.0 x 107°)
RRT ~ (5% 1079)(8.314)(800)

80 Coq(R)/Ceq(00) = 92105 = 1.234. The equilibrium solubility beside the small particle is about 23%
higher than beside a planar interface.

= 0.2105,

For solid-liquid equilibrium, curvature produces a melting-point depression. With AH,;, > 0,

2)/5le
RAH,, |’

Tin(R) = Ty(o0) (1 - (12.9)

12.5 Classical nucleation as competition between volume and area

For a spherical nucleus with bulk driving force Ag, < 0 per unit volume,

4AnR3
AG(R) = 4Ry + ”3 Ago. (12.10)
The critical radius and barrier are
2y 167y3
R* = , AG* = . 12.11
|Agv| 3|Agv|2 ( )
AG AG*

area pepalty

. volume\gain wins
‘ R
R \
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Thermodynamic possibility is not transformation rate

A phase can lower the bulk Gibbs energy and still require a finite nucleus. Interfacial energy
creates the barrier; atomic mobility controls how often the system crosses it and how fast a
supercritical nucleus grows.

12.5.1 Worked example: critical nucleus
For y =0.10Jm™2 and |Ag,| = 2.0 X 10" Jm ™3,
R*=10nm, AG =4.19x107'7J.

At T = 800K, this is about 3795kgT. Homogeneous nucleation is therefore extremely unlikely
unless the driving force increases or a heterogeneous site reduces the interfacial cost.

12.6 Driving force, flux and dissipation

Equilibrium thermodynamics tells us whether a change can lower the appropriate potential. It does
not by itself give the rate. Kinetics begins by separating two ideas:

‘ driving force: departure from equilibrium, flux: rate of response. ‘ (12.12)

The word force here means a generalized thermodynamic force. It need not have units of newtons.
A chemical-potential gradient, a temperature gradient and a reaction affinity can all drive change.

. radient or affinity
‘ potential field Tdrlvmg force X ]—»{ kinetics L or M H flux | ‘

conservation then converts the flux divergence
into accumulation: d¢/dt = -V-J + R

12.6.1 Entropy production finds the correct force—flux pairs

Near equilibrium, each small region is assumed large enough to possess T, p and p;, but small
compared with the distance over which those fields change. This is the local-equilibrium assumption.
Combining local thermodynamics with the balance laws separates entropy change into transported
entropy and entropy produced within the material. A useful schematic form of the local entropy-
production density is

c=q- v(%) -3 v(%) - ”A]ZGr + %T . Vv > 0. (12.13)
i

r

Here ¢ has units of entropy produced per volume per time. Each term is a product “flux X conjugate
force.” The signs are chosen so that a spontaneous response gives non-negative entropy production.
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Process

Flux or rate

conjugate thermodynamic force

Heat conduction
Diffusion of i
Electrical conduc-
tion

Chemical reac-
tion r

Interface migra-
tion

Viscous flow

heat flux q
species flux J;
charge flux J,;
reaction rate r,

normal velocity v,

viscous stress T

V(1/T)

—V(wi/T)

electric-field contribution divided by
T

-AG, /T

free-energy reduction per swept vol-
ume, divided by T
combination  di-

velocity-gradient
vided by T

Driving force and flux are not interchangeable
A large driving force may produce a small flux when mobility is low. A small driving force

may produce an appreciable flux when mobility is high. Thermodynamics supplies the di-
rection; the kinetic coefficient supplies the scale of the rate.

12.6.2 Linear response near equilibrium

For one uncoupled process, the simplest admissible relation is

J=1X, L>0,

(12.14)

so that JX = LX? > 0. For several simultaneous processes,
Ji= ) LiX;.
j

The diagonal terms describe direct response; the off-diagonal terms describe cross effects. Under
the conditions for microscopic reversibility, Onsager reciprocity gives L;; = L;; for properly se-
lected fluxes and forces. Non-negative dissipation requires the symmetric part of L to be positive
semidefinite. For two processes this implies

(12.15)

Li1Loo — L'2 > 0.

Li1 =20, 19 =

Loo >0, (1216)

Thus a temperature gradient can contribute to mass flux and a chemical-potential gradient can
contribute to heat flux. These are the Soret and Dufour cross effects. They are omitted only after
an assumption, not because coupling is forbidden.

12.6.3 Diffusion: from chemical potential to Fick’s law

At uniform temperature and without electrical, stress or other contributions, write the constitutive
law as

J=-MVy, M>o. (12.17)
Then -J - Vu/T = M|V u|?/T > 0. If p = p(c),
du_ o ou
J=-MZ-Ve = ~DaenVe, | Derem = M5 (12.18)

Fick’s first law is therefore a special force—flux law. The kinetic factor M and the thermodynamic
factor du/dc play different roles. Inside a chemical spinodal, du/dc < 0; the resulting negative
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chemical diffusivity signals uphill diffusion and growth of composition fluctuations, not a negative
atomic mobility.

For an ideal solution, p = u° + RT In ¢ when c is used consistently with its standard state. Hence

vi=y., D= MRT (12.19)
C C

If one instead defines J = —McVyu, then D = MRT. The apparent difference is only a mobility
convention; the definition of the kinetic coefficient must always be stated.

12.6.4 The same structure beyond diffusion

The force—flux pattern is reusable:

q=—-kVT = kT?V(1/T), heat conduction, (12.20)
r=-L,A,G, reaction near equilibrium, (12.21)
Un = Mr Fr, interface migration, (12.22)
oG
n= _L125_' non-conserved order parameter, (12.23)
dc 0G . .
5 = V. Mcva , conserved composition field. (12.24)

The last two equations are the Allen—-Cahn and Cahn-Hilliard forms. Both say that a thermody-
namic derivative supplies the driving force and a positive kinetic coefficient turns it into a rate,
while conservation determines whether the evolution law contains a divergence.

12.6.5 Worked check: can the response law violate the second law?

LYy (4 1) (Xa

J2) \1 2)\Xy)
The leading minors are 4 > 0 and 4(2) — 12 = 7 > 0, so the coefficient matrix is positive definite. For
X1 =1land X2 = —1, ]1 = 3, ]2 = —1, and

Consider two scalar processes with

(7=]1X1+]2X2=3+1=4>0.
Notice that the cross term changes both fluxes, yet the total dissipation remains positive.

A practical checklist

Before writing a kinetic equation, ask: What extensive quantity is transported? What poten-
tial changes when it moves? What is the conjugate force? What mobility or conductivity
relates force to flux? What conservation law converts the flux into accumulation? Which
reference frame and boundary conditions define the measured flux?

This progression follows the irreversible-thermodynamics treatment used in Bokstein-Mendelev—
Srolovitz and in Balluffi-Allen—Carter. The accompanying MIT OpenCourseWare sequence begins
with fields, gradients, fluxes and continuity, then develops entropy production and conjugate driv-
ing forces before applying them to diffusion.
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12.7 Conservation comes before a constitutive law

For concentration c in a fixed control volume V/,

d
< ch:—/ J~ndA+/RdV. (12.25)
dt Jy oV v

Using the divergence theorem gives the local continuity equation

dc
5=V IR (12.26)

This statement is independent of the material model for J. It remains valid when Fick’s law fails.

in out

accumulation

=| inflow — outflow + generatign

12.8 Fick’s laws and their assumptions

For a binary isotropic medium with constant diffusivity;,

(12.27)

is Fick’s first law. Combining it with conservation and R = 0 gives Fick’s second law:

% = DVZc. (12.28)

If D = D(c),
% =V-[D(c)Vc], (12.29)
and one must not pull D outside the divergence.

For a semi-infinite solid initially at ¢y and held at surface composition cs,

c(x,t) —cs ( X )
SX 70 ot : (12.30)
€o —Cs 2VDt

The diffusion length scales as VDt.

12.8.1 Worked example: carburization depth

LetD =1.0x 107" m2?s7' and t = 4.0h = 1.44 x 10*s. The distance at which (c — ¢;)/(co — ¢cs) = 0.5
satisfies erf(z) = 0.5, so z = 0.4769:

x = 2zVDt = 2(0.4769)4/(10-11)(1.44 x 10%) = 3.62 X 10™* m.

The corresponding depth is about 0.36 mm.
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12.9 Which diffusivity is being measured?

Quantity Typical experiment Reference frame or mean- What it should not be
ing confused with

Tracer D} isotope penetration random motion of la- chemical interdiffusion in

Intrinsic D; diffusion couple plus
Kirkendall markers
Interdiffusion concentration profile

D of a diffusion couple

Chemical diffu-
sivity
Mobility M;

relaxation of a compo-
sition perturbation
inferred using trans-
port and thermody-
namics

belled atoms

flux of species i relative to
the lattice

evolution of composition
in a chosen volume-fixed
frame

mobility multiplied by a
thermodynamic factor
kinetic response to a
chemical-potential gradi-
ent

a concentration gradient
interdiffusion coefficient

either individual intrinsic
coefficient

tracer diffusivity alone

a diffusivity without a
thermodynamic factor

In a binary substitutional alloy, a common form of the Darken relation is

D = (xgD} + xaD})®, @

_ alna,q

(91115!3

“ dlnxy Jdlnxp’

(12.31)

under the assumptions used to connect tracer mobilities to intrinsic diffusion. Vacancy-wind cor-
rections, non-ideal volume effects and frame conventions must be stated when greater accuracy is

required.

A fitted profile does not identify every coefficient

A concentration profile constrains the combined transport response. Different intrinsic mo-
bilities can sometimes reproduce the same profile. Marker motion, tracer data or other inde-
pendent measurements are needed to distinguish them.

12.10 Kirkendall effect and marker motion

If A and B have unequal intrinsic fluxes relative to the lattice, inert markers move relative to a
laboratory-fixed frame. In one dimension,

Jea int _ _DB@

int _ _ A
Ji'=-Da—=, ; — (12.32)

The lattice drift required by site conservation produces the Kirkendall marker displacement. Marker
motion is therefore direct evidence that atoms do not simply exchange in equal counter-fluxes.

marker plane after annealing
—

A-rich B-rich
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12.11 Boltzmann scaling and extracting composition-dependent diffu-
sivity

For a one-dimensional diffusion couple with D = D(c), no sources and time-independent boundary

compositions, introduce

n=-= (12.33)

\/E.
Profiles at different annealing times collapse when plotted against x/Vt if the assumptions hold.
The Matano construction then converts a measured profile into an interdiffusion coefficient. In one

common form,

1 (dx

5(6):_5(5)6 /C [x(c) — xm], de, (12.34)

where x,; is chosen from mass balance.

What time scaling can and cannot show
In a Boltzmann-scaling regime at fixed temperature, diffusivity is a function of composition
rather than annealing time. Additional times test self-similarity and experimental repro-

ducibility. Additional couples expand composition coverage. Different temperatures are
required to determine temperature dependence.

12.12 Temperature dependence and activation energy

Diffusivity is often approximated by

D = Dgexp (—%) . (12.35)

Thus a plot of In D against 1/T has slope —Q/R when one mechanism and one Arrhenius range

apply.

12.12.1 Worked example: obtain Q

Suppose D1 = 1.0 x 107 m2s7! at T; = 800K and Dy = 2.0 x 107 m?s7! at T, = 900 K. Then

In(Ds/D In2
M — 831411—0 =179kJ mol_l.

=R
Q 1T, — 1/Ts 1/800 — 1/900

After finding Q, either datum gives Dy. A curved Arrhenius plot warns of changing mechanism,
phase, defect population or composition.

12.13 Steady state, transient state and boundary conditions

Steady state means dc/dt = 0; it does not mean zero flux. For constant D in a planar membrane of
thickness L with fixed endpoint concentrations,

Co —(C1 X Co —(C1
L L
At equilibrium the chemical potential is spatially uniform and the flux vanishes. A steady state

with | # 0 requires maintained boundary conditions and continuously produces entropy.

(12.36)

J=-D

c(x)=c1 +
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12.14 Worked synthesis: precipitation and coarsening

Consider a supersaturated alloy aged inside a two-phase region.

1. The common tangent identifies equilibrium matrix and precipitate compositions.
A finite interfacial energy creates a nucleation barrier.
Curvature raises the chemical potential of small precipitates.

Diffusion transports solute down the chemical-potential gradient.

S N

Small particles dissolve and large particles grow during coarsening.

This one example joins the equilibrium, interfacial and kinetic parts of the course without treating
them as unrelated formulae.

12.15 Computational laboratories

1. Plot AG(R) for several driving forces. Track how R* and AG* change.

2. Plot ceq(R)/ceq(e0) and find the radius below which curvature changes solubility by more than
10%.

3. Solve the one-dimensional diffusion equation for a step profile and verify collapse against

x /Wt

4. Generate an error-function profile, add realistic noise and estimate D. Compare differentiation-
based and direct-fit sensitivity to noise.

5. Plot InD against 1/T for two mechanisms and identify the temperature at which a single
Arrhenius fit becomes misleading.

12.16 Week 12 learning map

Five essential ideas
1. An interface adds free energy and curvature shifts equilibrium.
Conservation is general; a flux law supplies the material response.

Entropy production pairs fluxes with thermodynamic forces.

- W

Tracer, intrinsic, interdiffusion and chemical diffusivities answer different experimental
questions.

5. Thermodynamics supplies the direction and driving force; mobility and interfaces de-
termine the path and rate.

Con T ademntifythe consenved quantity the driving dorae,

the kinwetia eoefficient anwd the loou,fvuotaum; aon ko s be-
{one sol,q}'wug, the eqwockion!
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